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On an Algorithm for testing closed polynomials in 2[x1, xs, -+, %]

Kazuo IKEDA (Department of Mathematics)
Masaharu NISHIHARA (Fukuoka Junior College of Technology)

Abstract

Let R=F[x1, 2, -+, z»] denote the ring of all polynomials in # variables with coefficients
in a field £. A polynomial f is called closed when there does not exist a polynomial g in R such
that k[f] C klg] C R. This paper gives an Algorithm for testing whether f is closed or not
when % has characteristic zero. Moreover if f is not closed then we can compute ¢ such that

k[f] C Elg] C R from this Algorithm.

Key words : Algorithm, polynomial ving, closed polynomial, term ovder.
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]’lz~1 - hz—l(O) =g, hzwl(O) =da1
D& I IEZER g THENSE D E D D EFIUT L0,
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TeEIE B HRETIRD %,

3.2 A=zx(y+2)(2*y+222-3) ke L T

— 123 —

(H(@)=U(f)=x% L 20X [=3, Ii(g)=2x%y &
nBHHER g RO OMER L 05, (HEL IR g=
2y +2)=2y+22° DL & A=¢"-3F L35, L
iz A RETIRR Y,

F7 =2y + 22ty + 222 - WL T )=
Ve (Hg)'=Iit(fs) L7 5 [ 22 BT LV,
W2 HIZEATH 5,

f OB I > TR BEOFTILITY XL

f=gbgl gy, g $EIE =y 7 £, £(0)=0,
htbt+itnz2 &35, %72, Algorithm 3.1 #*
Main Algorithm & U, BB (2) 2SI L T2
BHERT 5 Algorithm 3.2 % Sub Algorithm & ¥ 3,

Algorithm 3.1
INPUT: f=gi---g&
OUTPUT: [f is closed] or
[f=¢"+amg" '+ +aig,
£ is not closed]
INITIALIZATION: p:=0, /:=0
G:={glg=gi*-gar, 0< 5, < ¢,
1<i<m, g(0)=0}
WHILE G=+#8 AND p=+1DO
choose any g€ G
G:=G—{g}
IF  37>2such that (i#(g))'=1t(f) THEN
go to Algorithm 3.2
IF p=1 THEN
output [f =g+ a1g' ™+ + a1,
fis not closed]
ELSE output[fis closed]
STOP

Algorithm 3.2
INPUT: f,g,{from Algorithm 3.1
OUTPUT: return to Algorithm 3.1
with p, a1, a1
INITIALIZATON:
i=f, =1, hi:=0,-, h:=0
=0, -, ar-1:=0
WHILE /</ DO
WHILE 2%+0 DO
IF  it(g)lit(h) THEN
he=he+ (It (R)/ 1t(g))
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h=nh—(t(h)/ 1t(g))g
ELSE /h:=0,1:=[+2
IF 7#[+2 THEN
dl—i::hi(o), h::hi_hi(o), =i+1
IF i=/+1 THEN p:=1
ELSE p:=0
return to Algorithm 3.1
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T, ZZTldstepl & step2 D7 T Y XL BIRND,
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THoNBEEE R I() TES,
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pg) DIEROESE LPP L35, Tbb
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ER EBERE)
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3. A RQ)BAHLTHREDOSD D | EREFEDE
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IR E B, TNHERERICLOES, T&
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87233, Algorithm step 2 TidiEMES 28T 5
BEHRCHE—D I,m, Vi 2E>,

4. F,H,B.: 8IER %, “EHeEHOM [F
B, ~xE] LLTEL, Jhr2BERLTIES,

5. BaYF": Be DFEH (e, Wiz LT
l@ruCr-ulc)**, WYF#]

ZERICLDOES,

6. Algorithm step 2 2B WT Y'Y ity %
~EEX;OHE L ¢ ORBROTTOREE
DHEIL, FhENFTT7VT) X b kstl, *
st2 TITH, ¥/ f B TRWES T HEY]
ThBHEOWREE, Y7 7N X %kcheck T
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Algorithm step 1
INPUT: f:X0+ blAXl“i"“‘i‘bmem', 7
OUTPUT : [fisclosed] or LPP
INITIALIZATION: C:=#,LPP: =0, L: =0,
s:=1
LP: ={lps(f) | 1<s<nl}
WHILE LP+# DO
LP: =LP—{ps(/)}
IF L3 ps(f) THEN
L: =LU{ps(/)}
FOR 1<i<n DO
a:=exponent of x; in Ips(f)
d:=gcd(a, oz, an)
D:={7} ! is divisor of d,/=+1}
LPP: =LPP obtained from #*l.p.p.
IF C=# THEN
flag 1:=1
ELSE
Sflag 1:=0
ELSE
flag 1:=0
IF flagl=1 THEN
go out of this WHILE loop
ELSE
si=s+1
IF  flag1:=0 THEN
go to Algorithm step 2
ELSE
output [f is closed]
STOP
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*1.p.p.
IF s=1 THEN
FOR 1<i<»n DO
ye=a:/d
Z=x{"xyxh
WHILE D=+# DO
choose any / €D
D:=D—{/}"
li=d/l, YV:=2Z"
C:=CU{l} '
LPP: =LPPU{(/, )}
ELSE
C:=CND
LPP:=LPP—{(/, V)|!¢C}

step 1 KWBWT, n! Y OTTOEREIERE D
WTHRTWEY, HEFE2S {ELTHETEEIE
—ZRBEREESE C, BENCR o (1<i<n) 28
RET B uBEY OERBIEFCOWTHEARSZIT
SWTH29, ¥ gDKREDREE Va2 RDL7
WY R A ) DR I X EBOIISTHEET
HBOTEEL TS,

Algorithm step 2
INPUT: F={{b; X;]|0<;<m}, A
OUTPUT: [f is closed] or
H={lc;, vil|0<i<m)
WHILE A+# DO
choose any(/,G)€ A
A:=A—{({,G)}
ii=1,7:=1, c:=0, e:=0, H:={[1, Yo},
Bo:zﬂ, Bliz{[l, Y;)—l]},'“,Bz—ﬁ:{[l, Yo]},
B:={[1,1]}
WHILE i<m DO
*s.t.1
IF flag2=1 THEN
go out of this WHILE loop
*s.t.2
ce=(b—c)/!
HZ:H U {[Ci, Yz]}
IF ¢:#0 THEN
FOR 0<u<! DO
Bu=Ui-u B: Y#*—{{lc;, Y31}
¢:=0,:=1+1

IF flag2=0 THEN
go out of this WHILE loop
IF  flag2=0 THEN
go to Algorithm 3.2
ELSE
output [f is closed]
STOP
*s.t.1
WHILE X;>Y,"'Y: DO
F:=F—{[6;, X;]}
IF X;=Y,'"'Y; THEN
b:=1b;, flag2:=0
ELSE
* check
IF flag2=1 THEN
go out of this WHILE loop
ELSE

7i=j+1
* check
IF p,#+0 THEN
E=B,

WHILE E=0 DO
choose [¢;, Z1€ E
E=E—{[c., Z]}

IF Z=X;, THEN
e:=e+tcz
BoizBo_{[Cz, Z]}

IF b;=e THEN
e:=0, flag 2:=0

ELSE
e:=0, flag 2:=1

ELSE

flag 2:=0

*s.t.2

E=B,

WHILE E'=+=g DO
choose[c, Z]€ E
E:=E—{[c., Z]}

IF Z=Y,"'Y: THEN
ci=ctcz
Bo:zBo_{[Cz, Z]}

4.2 R=Qlx, v, z] 275,

R > f=2%28—3x°y22°+3x*y* 2" — x°y®2° + 32°2°
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B
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VW, 2O L EHEHENS f OEIR YF Yu=(2") Y=
iyt & D %28 —32%yP S+ 3ty — P yi R+ 302
+0x'y? 2 EFTER D, TRTONREFEEHEND LS
i, Xo=x25 -, Xe=a"y*2", -+ Xus=xy*2*, -+, Xus
=288 -, Xige=2%2", Xir=a"y?2" L% %, 2
T WHEETAIREED f CBIAHEI0TH %,

Algorithm step2iZ BW T i=1,j=1,m=23& L
T 2FBOWHILE loop IZ A%,

1) *stlkBWVT, Xi=2y">¥WYi=2"y%=" £ 0
*kcheck ~NTL 28, bi=0& D *st1iZd EY j=2
E3 5, :

i=1,7=4 £ CRERDEVEL L2 5,

2) i=1,7=5 DL %, *st.liZBVT =27
=YV &V, b=b=018B, ¥st2BVT,
Bi=0 &V c=0Thb, oTa=0tZH=
{1, 222 [0, 1z 6 3, i=2& LT
WHILE loop OBFNZS ¥5,

(3) #stliZBWT, Xe=xV2=YYa kD b=0bs
=—3 LB, *st2kBVT, Be=0 LD c=0T
Bb, ToTa=—1tkb Hiz[-1, x2] 2300
Z oMb, 27 TeE0Z &Y Be={3, x'y'z"],
[—1, 2%%2%]}, i=3 &£ U TWHILE loop D &I
HEB,

4) *stlicBnT, X,;=x"yz*=1Y: &V b=b
=0LB<{, *st2ZBVT, BoFf TH B, YiYs
FELVAREBRBFELBEWO T c=0TH 5, &
S5 Te=0%%0 HiZ [0, xyv2] SNz oh,i=4 &
L CWHILE loop OBRINCD £ 2,

i=4, j=8 DFEFRA)D Y —> kY, Hiz [0, z2°]

Iz 65, i=5,7=12F TRQ)DNy =2 i

b

(5) 7=5,7=13D k%, *stliXBWVT Xu=x'y'z*
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=YeYs kU, b=b=3 LB, ¥s.t.212BWT Bo
O[3, 2y 2 N BB BDTc=3 Lx 3, Lo
Tee=0& %2 D HiIZ [0 ]2 &1 %, Bo=
{[—1, 2%v%2% 1}, i=6 ¥ LT WHILE loop DEFII
b3,

Bl i=9, /=17 £ TRAD/ 37 —> &% h, HiZ [0,

y°z],+10, 21 oS s B, i=10,7=20 ¥ TR

Ry —kizh,

(6) i=10,;=21Dk & #st1 2BV T Xa=1""2"
> VEYie=2"2* 1 U *check "7, ba=—1THh
D, BooEiz [—1, 25281 83H 50D Te=—1 %
5, Bo=0,L, bu=eDT flag2=0 & LT*s.
tlabED j=228F 3,

DUg i=21, /=161 £ TR0, 8y —> 20, H

@ [0, 2°1,+,[0, xy] 2SNz 5B, i=22,/=1620D &

= [1,zz] D8R E D, 1=23,7=167TD ¥k & [2, y*] 2K

¥ 3%,

PIELD g=x*—xv’2+2z+2y" 5KRED, 3, 2

D Algorithm 32 2FBELT f R g TEIZZ itk

=03 L% Z L 1SS,

4. 2082

FORBETRWEE, g=x+any*+caxyiz
+ oyt ax+ oyt it & o T =+ ag*+ ayg
R BEEEEL Ho TS, G L - T v OFREIE 0 &
%3, FoTIDEI BT LTI ST,

FOHE -2 % — 2y 2RO BE L HEAR
LEFTRE, ZOTANTYXLEZBNT ARETHS
ZEDHIEI NG, RERSEIIEWNT Xpn=1"y"2*
> Y¢Vie=x'2* £72 D # check i247{ o bau=—1TH
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