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Abstract 
At present, there is no direct concentration measurement method. Therefore, to measure the 

concentration of solution, an indirect measuring method is employed. After that, the measured value is converted 

to the concentration. In general, a spectrophotometer, which is a light absorbance measurement device, is used 

to measure the concentration of solution. The light absorbance measurement is one of the most efficient methods 

to measure the concentration of solution. To calculate the concentration by using the light absorbance, a 

spectrophotometric method is usually employed. In a pure solution case, the concentration is calculated by a 

linear regression analysis based on the Beer-Lambert’s law. The linear regression analysis can offer the 

relationship between the light absorbance and the concentration of solution. In an ideal case, the calculated result 

is perfectly matched, because of the linear relation between the light absorbance and the concentration of solution. 

However, in the deviation case from the Beer-Lambert’s law, the light absorbance is not proportional to the 

concentration of solution. Therefore, some errors occur in calculated concentration result. Especially, in the 

mixture solution case, the error affects the calculated concentration result of all components. For this reason, this 

research focuses on the reduction of the error by approximating the calculated concentration to an ideal 

concentration as much as possible. The error is reduced in multi-component case as well as pure solution case. 

Until now, many spectrophotometric methods have been proposed for multiple component cases. 

However, some previous methods depend on a spectrophotometer and the condition of solution. For this reason, 

the aim of this work is to design the multi-component analysis system that can be used in every 

spectrophotometer without limited conditions. Concretely, by using fuzzy theory, the proposed method performs 

the linear interpolation in different ranges of boundary points. In other words, the calculated concentration is 

expressed as a piecewise-linear function. Thus, the proposed method can reduce errors from existing methods. 

To develop a novel multicomponent spectrophotometric method, this research starts from an analysis 

of the spectrophotometric method of pure solution in section 2, where a light absorbance calculation, a light 

absorbance measurement, Beer-Lambert’s law are discussed. Then, we compare existing multicomponent 

spectrophotometric methods in the case of 2 components. In section 3, we propose the novel spectrophotometric 

method using fuzzy theory. The novelty of the proposed method is clarified by explaining the difference between 

the existing methods and the proposed method. After that, in section 4, we clarify the characteristics of the 

proposed method by using the computer simulations, and compare the proposed method with existing methods 

in the ideal case and the deviation of Beer-Lambert’s law case. Furthermore, the proposed method is compared 

with the existing method in experiments by using the light absorbance obtained from a spectrophotometer. 

Section 5 is the summary and future work of this research. 

Keywords: Light Absorbance, UV-spectrophotometer, Beer-Lambert’s law, spectrophotometric 

method, Multi-component analysis, Fuzzy theory 

 

 

 

 

 



 
 

vii 

 

Acknowledgments 
 I would like to express the deepest appreciation to all those who provided me the possibility to 

complete this thesis. Firstly, I would like to thank my parent who have supported me. I could not have come 

this far without their supports. Furthermore, I would like to thank Prof.Dr. Kei Eguchi of material science 

and production engineering at Fukuoka institute of technology as my advisor. He offered me about the 

fuzzy theory and the linear interpolation and prepared many devices and many materials for experiments. 

Therefore, this project has been possible. 

Finally, I would like to acknowledge my friends and many staffs of Fukuoka institute of technology 

providing me with many experiments throughout my years of study. 

 

 



 
 

1 

 

1. Introduction 

1.1. Spectrophotometric method 

At present, people use many solutions in everyday life such as drinks, medicine or washing liquid. Each 

solution has many components and each component has concentration in any level. Therefore, the concentration 

of solution is an important part to develop the solution. However, there is no direct concentration measurement. 

The solution is measured by an indirect measuring method. After that, the measured value is converted to the 

concentration. In chemical laboratory, chemists use spectrophotometers. The spectrophotometer is called that a 

light absorbance measurement device [1]. It was invented by Arnold O. Beckman in 1940 and it has been 

developed to the present era. The spectrophotometric method is a method that calculates the concentration by 

using the light absorbance. 

The light absorbance measurement is one way of the effective concentration measurements. It measures 

the volume of the light intensity transmitting solution to calculate the concentration of solution. The light 

absorbance is proportional to the concentration of solution following Beer-Lambert’s law [2-3]. In the case of a 

pure solution, the concentration of solution can be calculated by a linear regression analysis. However, the 

spectrophotometer is very expensive and the chemical faculty has many students. As the result, there is no 

sufficient fund to purchase the spectrophotometer enough for every student. Therefore, there are many 

researchers developing the spectrophotometers. The spectrophotometer can be developed by various methods.  

The light absorbance depends on the molar absorptivity. This variable is decided by the relationship 

between solution and the wavelength of light transmitting solution. Thus, some researchers develop the 

measurement parts. For an example, the monochromator which is a device making the monochromatic light by 

the visible light [4-5], many light emitted diodes [6-8] or the color light filter for eliminating the disinterest color 

of light in the visible light [9-10] are developed as light sources. On the other hand, there are researches providing 

the visible light as the light source and diffracting the light transmitting from solution [11-13]. To measure many 

colors of light, the photodiode array [11] or many color detectors [14] is utilized as the detector. However, the 

hand-made spectrophotometer is not similar to the commercial spectrophotometer. 

Moreover, in medicine or any solution aspects, there are many components in solution [3,15]. In the 

multi-component solution, the light absorbance of solution is overlapped by the light absorbance of all 

components. Thus, the concentration of components cannot be calculated by the light absorbance directly. The 

multiple spectrophotometric is important in calculating the concentration of the components. Many previous 

methods have been proposed [16]. Nonetheless, some methods provide the derivative function or the specific 

case. Many wavelengths of the light source are necessary. Therefore, some methods cannot be used with every 

spectrophotometer. The target of this research is designed the novel multicomponent spectrophotometric method 

that can be used with every spectrophotometer. 

1.2. Previous multi-component spectrophotometric method 

There are many multicomponent spectrophotometric methods. The first multi-component 

spectrophotometric method is the simultaneous method which provides the mathematics way [17-22]. The next 

method is the derivative spectrophotometer which utilizes the derivative function to eliminate the light 

absorbance spectra of the disinterest component at the zero-crossing point [23-28]. The absorbance ratio method 

employs the light absorbance of standard solution to eliminate the concentration of the disinterest component 
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[29-31]. The derivative ratio is based on the absorbance ratio and the derivative spectrophotometer which can 

be used at every wavelength [32-36]. Next is isosbestic point method [37-40] which the molar absorptivity of 

every component is equal at wavelength of isosbestic point. Q-absorbance ratio method is a term of the 

absorbance ratio method [41-46]. This technique is modified from the simultaneous equation method. Next 

technique is absorptivity factor method. This method utilizes the equal of the light absorbance of both 

wavelengths [47-48]. To analysis solution with more than 3 components, the double divisor spectra derivative 

method [49-50] and successive ratio-derivative spectra method [16] are utilized. The above-mentioned is one of 

the multi-component spectrophotometric methods. 

In the ideal case, all previous methods are perfect. The concentration results are equal in every method. 

However, in reality, there is an error of the light absorbance. It is called that deviation of the Beer-Lambert’s 

law. The light absorbance is not proportional to the concentration of solution. The most theory is developed for 

analyzing the concentration of the components in the ideal case. Therefore, the results of the previous methods 

have errors in the case of the deviation of the Beer-Lambert’s law. For this reason, this proposal focus to reduce 

an error in the case of deviation of the Beer-Lambert’s law. 

1.3. Application of multi-component spectrophotometric method 

In the present, the multi-component spectrophotometric method has been utilized in many fields, 

especially in medical term. The multicomponent analysis has been used to calculate the concentration of the 

component in the medicine, for an example, combination drugs contains Paracetamol and Aspirin [2], 

Mesalazine and Prednisolone [15], determination of the paracetamol and caffeine in tablet formulation [17], 

ibuprofen and paracetamol in soft gelatin capsule [18] and etc. In the biochemical term, the multi-component 

analysis is provided to make the ethidium bromide [36]. In the chemical engineering field, the multi-component 

spectrophotometric method is utilized to trance metal [37] and measure solution in the suction blister fluid [38]. 

1.4. Suggestion and contribution in this research 

In this thesis, this proposal suggest a novel spectrophotometric method using fuzzy theory. To offer the 

new method, it is essential to analyze the spectrophotometric method in section 2. It expresses the calculation of 

the light absorbance, the light absorbance measurement, Beer-Lambert’s law. Furthermore, to develop the novel 

spectrophotometric method, many previous multi-component spectrophotometric methods are analyzed and 

compared in this section. In the ideal case, the calculated concentration results in every method are the same. 

Therefore, the calculated results cannot be compared in the ideal case. The comparison is about the linear 

regression calculation time, the number of input and the specific condition. Moreover, it explains the deviation 

of Beer-Lambert’s law. 

Because of the perfection of the calculation in the ideal case, this thesis concentrates on the deviation 

of Beer-Lambert’s law case. In section 3, we suggest the novel spectrophotometric method that reduces errors 

in the case of the deviation of Beer-Lambert’s law. The relationship between the light absorbance and the 

concentration of solution in the deviation of Beer-Lambert’s law is the nonlinear function. The existing method 

utilizes a linear regression analysis to calculate the concentration as the linear function. Therefore, there are some 

errors happening. To reduce the errors, a non-linear approximation method is provided. Thus, the many non-

linear approximation methods are analyzed in this section. The proposed method provides the linear interpolation 

to calculate the concentration of solution. The calculation is based on the fuzzy theory. The linear interpolation 

provides the known concentration solutions as the boundary points [51-52]. The calculated concentration is 
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explained by the piecewise linear function. Therefore, the number of errors by the calculation of the proposed 

method is less than the number of errors by the calculation of previous methods. The number of errors is not 

reduced in only pure solution but also multi-component case. The calculation in the 2-component solution case 

is similar to the bilinear interpolation [52-54]. Furthermore, the design of the fuzzy set for error reduction is 

explained in this section. 

In section 4, we simulate and compare the spectrophotometric method of the proposed method and the 

previous methods in the ideal case and the deviation of Beer-Lambert’s law case. The comparison is about errors 

between the calculated concentration and the ideal concentration. Furthermore, we compare the proposed method 

and the previous methods in a real experiment. The spectrophotometer WPA colour wave CO7500 colorimeter 

is used to measure the light absorbance. 

In section 5, there are discussion, conclusion and future study of this thesis. In the discussion, it 

expresses the advantages and disadvantages of the proposed methods and the problems of the proposed device. 

After that, it makes the summary and discusses the future studies. 

Contributions of this research are shown as follows: 

 Analysis of the spectrophotometric method 

 Comparison of the previous multi-component spectrophotometric methods 

 Proposal of the spectrophotometric method using fuzzy theory 

 Verification of the proposed method in the real experiment 
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2. Spectrophotometric method analysis 
In chemical laboratory, chemists use a spectrophotometer to measure the concentration of solution. The 

spectrophotometer is a light absorbance measurement device. When the solution is measured by the 

spectrophotometer, the light absorbance of the solution is converted to the concentration by the 

spectrophotometric method. This section describes the light absorbance, the relationship between the light 

absorbance and the concentration following Beer-Lambert’s law and the spectrophotometric in pure solution 

case and the multi-component case. Furthermore, in the real experiment, there are errors in the light absorbance. 

It is called the deviation of the Beer-Lambert’s law. The deviation of the Beer-Lambert’s law is explained in this 

section. 

2.1.  Concentration calculation by light absorbance 

To convert the light absorbance to the concentration of solution, a spectrophotometric method is 

provided. This subsection explains the light absorbance, the relationship between the light absorbance and 

the concentration of solution, the spectrophotometric method in pure solution case and the light absorbance 

of the multi-component case.  

2.1.1. Light absorbance 
In the environment, the visible light consists of many colors of light. When the light goes through an 

opaque object, the opaque object absorbs a part of the light. A color of light which is reflected from the object 

is the color of the object. In the case of the solution, it is the same as the opaque object. The color of the light 

transmitting solution is the color of the solution [1]. Therefore, each color of the solution absorbs the color of 

light differently. Furthermore, when the light goes through the solution, the solution does not only absorb one 

part of the light, it scatters and reflects the light absorbance also shown in figure 2.1. To measure the light 

absorbance of the solution, the light transmittance is required in calculating. The transmittance (T) is a division 

between the incident light intensity (𝐼0) and the transmitting light intensity (𝐼) shown in (2.1). The percentage 

of the transmittance is calculated by (2.2). 

𝑇 =
𝐼

𝐼0
                                                                   (2.1) 

 

Figure 2.1. Effect when the light goes though the solution. 
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%𝑇 =
𝐼

𝐼0
× 100                                                                   (2.2) 

2.1.2. Lambert’s law 
Lambert’s law is a method explaining the relation between the light absorbance (A) and the path length 

(l) that the light transmits a solution. The light absorbance is proportional to the path length for parallel beam 

and monochromatic radiation transmitting a homogeneous medium with the same concentration in (2.3). There 

are no unit of the light absorbance. 

𝐴 ∝ 𝑙                                                                    (2.3) 

 

Figure 2.2. Relationship between transmission and absorbance when the path length increases. 
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Figure 2.3. Relation between the path length and the transmittance. 

 

Figure 2.4. Relation between the path length and light absorbance. 

Figure 2.2 shows the measurement of solution which each solution has the transmittance 50% (%T). It 

means that when the light goes through solution, the transmitting light intensity remains 50% of the incident 

light intensity [48]. When the light goes through each medium, the light intensity decreases. It shows that the 

transmittance is inverse variation with the path length which light goes through. Therefore, the transmission (T) 

is inverse variation with the path length (l) which the light goes though shown in figure 2.3. The relationship 

between the transmission (T) and the path length (l) is exhibited in (2.4). 𝑘 is a constant value. 

𝑇 =
𝐼0

𝐼
= 𝑒−𝑘𝑙                                                                   (2.4) 

 To convert the transmittance which is inverse variation with the path length to the light absorbance 

which is direct variation with the path length, the logarithm is required. Therefore, the determination of the light 
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absorbance is the logarithm of the division between the incident light intensity and the transmitting light intensity 

in (2.5). The light absorbance value does not have the unit. The relation between the path length and light 

absorbance shown in figure 2.4. It provides the path length which the light transmits as a medium.  

𝐴 = 𝑙𝑜𝑔
𝐼0

𝐼
                                                                   (2.5) 

2.1.3. Beer’s law 

Beer’s law is a method that explains the relation between the light absorbance and the concentration of 

solution [1]. The light absorbance (A) is proportional to the concentration of solution (c) for parallel beam and 

monochromatic radiation transmitting a homogeneous medium with the same path length shown in (2.6). The 

relationship between the light absorbance and the concentration of solution is illustrated in figure 2.5. 

𝐴 ∝ 𝑐                                                                    (2.6) 

 

Figure 2.5. Relationship between transmission and absorbance. 
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Figure 2.6. Relation between the transmittance and concentration. 

 

Figure 2.7. Relation between the light absorbance and concentration. 

Figure 2.5 shows that when the concentration of the solution, which the transmittance is 50%, increases 

to 2 times and 3 times, the light transmittance reduces, respectively. The transmittance is inverse variation with 

the concentration of solution shown in figure 2.6. The relationship between the light absorbance and the 

concentration calculated by (2.7) is shown in figure 2.7. 𝑘 is the constant.  

𝑇 =
𝐼0

𝐼
= 𝑒−𝑘𝑐                                                                   (2.7) 

To convert the transmittance which is inverse variation with the concentration of solution in figure 2.6 

to the light absorbance which is direct variation with the concentration of solution in figure 2.7, the logarithm is 

necessary. Therefore, the determination of the light absorbance is the logarithm of the division between the 
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incident light intensity and the transmitting light intensity in (2.8). It provides the concentration of solution which 

the light transmits as a medium. 

𝐴 = 𝑙𝑜𝑔
𝐼0

𝐼
                                                                   (2.8) 

2.1.4. Beer-Lambert’s law 

A combination of the two laws defines that a light absorbance (A) is proportional to the path length (l) 

and the concentration of solution (c) for parallel beam and monochromatic radiation transmitting a homogeneous 

solution [48]. The transmittance (T) is calculated by (2.9).  

𝑇 =
𝐼0

𝐼
= 𝑒−𝑘𝑐𝑙                                                                   (2.9) 

The light absorbance is calculated by taking minus logarithm in (2.9) same as the Beer’s law or 

Lambert’s law. Therefore, Beer-Lambert’s law equation is shown in (2.10). The molar absorptivity (ɛ) is a 

coefficient constant value depending on the color of solution and a wavelength of the light source. In some 

methods, it provides a as the molar absorptivity. In the measurement, the molar absorptivity and the path length 

of solution are constant. In an experiment, the path length of solution is 1 cm that does not effect for calculation 

of the concentration. Therefore, it is eliminated. 

𝐴 = − log(𝑇) = −log⁡(
𝐼

𝐼0
) = ɛ𝑐𝑙                                                             (2.10) 

 From the Beer-Lambert’s law in (2.10), when the concentration (c) is 0 (solvent), the light absorbance 

(A) is 0. Therefore, in the light absorbance equation (2.10), the incident light intensity (𝐼0) can be changed to the 

light intensity when the light transmits a solvent (𝐼𝑠𝑜𝑙𝑣𝑒𝑛𝑡). When the solvent is measured, the transmittance is 1. 

As the result, the light absorbance is 0. Furthermore, the transmitted light intensity (I) is changed to the light 

transmitting the solution (𝐼𝑠𝑜𝑙𝑣𝑒𝑛𝑡) in (2.11). 

𝐴 = − log
𝐼𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛
𝐼𝑠𝑜𝑙𝑣𝑒𝑛𝑡

                                                             (2.11) 

However, there is no the light intensity in the electronic circuit. Therefore, a semiconductor, which 

converts the light intensity into the electrical value, is used such as LDR (Light dependent resistor), photodiode, 

phototransistor, etc. The properties of these light detectors depend on the light intensity which they detect. For 

an example, the phototransistor alters the current flowing according to the light intensity. The increase of the 

electronic current flowing is logistic growth with the light intensity. A resistance of LDR depends on the light 

intensity that falls upon itself. The resistance varies inversely with the light intensity. Therefore, the voltage of 

resistor which is connected with the light detector is inverse variation with the concentration of solution. For this 

reason, the voltage value (𝑉𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑉𝑠𝑜𝑙𝑣𝑒𝑛𝑡) can replace the light intensity (𝐼𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝐼𝑠𝑜𝑙𝑣𝑒𝑛𝑡) in (2.12) [56]. 

𝐴 = − log
𝑉𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

𝑉𝑠𝑜𝑙𝑣𝑒𝑛𝑡
                                                                   (2.12) 

However, the light absorbance does not vary directly with the concentration of solution in some cases. 

Therefore, to reduce the number of errors of the measurement, the voltage when there is no light falling on the 

photo detector (𝑉0) is declined as shown in (2.13) [56]. 

𝐴 = − log
𝑉𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛−𝑉0

𝑉𝑠𝑜𝑙𝑣𝑒𝑛𝑡−𝑉0
                                                                   (2.13) 
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Figure 2.8. Light absorbance of red solution by many wavelengths of the light source. 

From the Beer-Lambert’s law in (2.10), the light absorbance depends on the molar absorptivity (ɛ), the 

concentration of solution (𝑐) and the path length of the light (𝑙). In the measurement, the path length is constant 

value and the concentration is unknown value. Therefore, the light absorbance value depends on the molar 

absorptivity. Figure 2.8 shows the light absorbance results of the red solution in many cases of the wavelength 

of the light source by Biochrom WPA CO7500 Colorimeter. The alteration of the wavelength of a light source 

changes the molar absorptivity. There are many cases which can observe the rising of the light absorbance or 

cannot observe. To calculate the concentration of solution easily and observe the growth light absorbance simply, 

the case of the highest light absorbance (the highest molar absorptivity) is provided to make the linear regression 

equation. 

2.1.5. Coefficient of determination 

Although the concentration calculation by the highest molar absorptivity is the best, it does not mean 

that the light absorbance of other wavelengths cannot be used to calculate the concentration of solution. The 

coefficient of determination is a value that indicates how well data fit with a statistic model. In the light 

absorbance measurement, it is used to check how well of the relationship between the light absorbance and the 

concentration of solution as Beer-Lambert’s law. The coefficient of determination is calculated by the square of 

the correlation coefficient (R2) in (2.14) [57-58]. x is the concentration of solution and y is the light absorbance. 

𝑥̅ is an average of the concentration of solution and 𝑦̅ is an average of the light absorbance. N is the number of 

the data (the number of the known concentration solutions). 

𝑅2 = {
∑ (𝑥𝑖−𝑥̅)(𝑦𝑖−𝑦̅)
𝑁
𝑖=1

√∑ (𝑥𝑖−𝑥̅)
2∑ (𝑦𝑖−𝑦̅)

2𝑁
𝑖=1

𝑁
𝑖=1

}

2

                                                                   (2.14) 
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A range of the coefficient of determination is from 0 to 1. An ideal value is 1 when y varied directly 

with x perfectly shown in figure 2.9. It means that if the coefficient of determination is approximate to 1, the 

relation between the light absorbance and the concentration of solution is followed in Beer-Lambert’s law. To 

calculate the concentration of solution efficiently, the wavelength that the coefficient of determination is 

approximate to 1 is utilized. 

2.1.6. Linear regression analysis 

To calculate the concentration of solution from the light absorbance, a spectrophotometric method is 

used. In a pure solution case, the spectrophotometric method provides a linear regression analysis. The linear 

regression analysis provides many known concentration solutions to calculate a linear function that is a 

relationship between the light absorbance and concentration following Beer-Lambert’s law shown in figure 2.9. 

The linear function is shown in (2.15) [59]. 

Y=a+bX                                                                   (2.15) 

 When the linear regression equation in (2.15) is compared with the Beer-Lambert’s law in (2.10), Y is 

the light absorbance (𝐴). X is the concentration of solution (𝑐). b is the molar absorptivity (ɛ) and the path length 

(𝑙) which is a constant value. a is the light absorbance when the concentration is 0. In an ideal term, a is 0 

following Beer’s laws equation in (2.10). However, in the measurement, there are some errors. Therefore, a is 

almost zero. b is a slope of the graph which is calculated by (2.16). a is the light absorbance when the 

concentration is 0. It is calculated by (2.17). N is the number of the data (the number of the known concentration 

solutions). 

𝑏 =
∑ 𝑋𝑖𝑌𝑖−

∑ 𝑋𝑖
𝑁
𝑖=0 ∑ 𝑌𝑖

𝑁
𝑖=0

𝑁
𝑁
𝑖=0

(∑ 𝑋𝑛
2𝑁

𝑖=0 )−𝑁(𝑋̅)2
                                                                   (2.16) 

𝑎 = 𝑌̅ − 𝑏𝑋̅                                                                   (2.17) 

 

Figure 2.9. Ideal light absorbance. 
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Figure 2.10. Design of linear function that is the relation between the concentration and the light absorbance. 

To calculate the concentration of the solution, the light absorbance of the solution is measured by a 

spectrophotometer. The left-hand graph of figure 2.10 illustrates examples of the light absorbance in the range 

of the visible spectrum wavelength about 380-740 nm. The spectrophotometer provides the light in the visible 

spectrum wavelength as a light source to measure the light absorbance. To calculate the concentration clearly, 

the linear regression analysis provides the light absorbance of many concentrations to calculate the linear 

function in the right-hand graph of figure 2.10. The light absorbance is provided is the highest light absorbance 

in the range of the visible light at 450 nm of wavelength. The linear function is the relation between the 

concentration of solution and the light absorbance in (2.15). Therefore, when the light absorbance is measured, 

the concentration is calculated by the linear function calculated by the linear regression analysis in the case of 

the pure solution [1,48]. 

2.1.7. Multicomponent  

However, in the case of the multi-component solution, the light absorbance of the mixture solution (𝐴𝑀) 

is the sum of the light absorbances of each component shown in (2.18). Therefore, the concentration of the 

components cannot be calculated by the linear regression analysis directly. To analyze the concentration of the 

components, there must be use of any methods shown in section 2.2.  

𝐴𝑀 = 𝐴𝑥 + 𝐴𝑦 +⋯ = 𝜀𝑥𝑐𝑥𝑙 + 𝜀𝑦𝑐𝑦𝑙 + ⋯                                                       (2.18) 
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2.2. Comparison of the multicomponent analysis 
In this section, the explanation about the previous multi-component spectrophotometric techniques is 

presented. There are the calculation, advantages, and disadvantages of each method. Each technique has a 

different calculation process. After that, they are compared by the number of the inputs, the linear regression 

calculation time and the specific condition. 

2.2.1. Simultaneous equation method 

The simultaneous equation method is a simple mathematic to calculate the concentration of solution 

[17-22]. This technique requires the number of the light absorbance equation in any wavelengths equal to the 

number of the components in the mixture solution. In the case of the 2 components, the light absorbance is the 

sum of the light absorbance of 2 components. The light absorbance (𝐴𝑀1, 𝐴𝑀2) is measured by wavelength 1 

and wavelength 2 shown in (2.19) and (2.20), respectively. The components in the mixture consist of the 

substance x and substance y. 𝑐𝑥  and 𝑐𝑦  are the concentration of solution of substance x and substance y, 

respectively. 𝑎𝑥1 and 𝑎𝑥2 are the molar absorptivity between the substance x and wavelength 1 and wavelength 

2, respectively. 𝑎𝑦1 and 𝑎𝑦2 are the molar absorptivity between the substance y and wavelength 1 and wavelength 

2, respectively. 

𝐴𝑀1 = 𝑎𝑥1𝑐𝑥 + 𝑎𝑦1𝑐𝑦                                            (2.19) 

𝐴𝑀2 = 𝑎𝑥2𝑐𝑥 + 𝑎𝑦2𝑐𝑦                                             (2.20) 

 To calculate the concentration of each component, the equations (2.19) and (2.20) are rewritten by (2.21) 

and (2.22), respectively. 

𝑐𝑥 =
𝐴𝑀2−𝑎𝑦2𝑐𝑦

𝑎𝑥2
                                              (2.21) 

𝑐𝑦 =
𝐴𝑀1−𝑎𝑥1𝑐𝑥

𝑎𝑦1
                                                (2.22) 

 The simultaneous equation technique eliminates the disinterest component variable from the light 

absorbance equation by substituting. The concentration of the substance x (𝑐𝑥) in (2.21) are substituted into 

(2.20). The concentration of the substance y (𝑐𝑦) in (2.22) is substituted into (2.19). The rewritten equation is 

obtained in (2.23) and (2.24) that are the concentration of the substance x and substance y, respectively. 

𝑐𝑥 =
𝑎𝑦1𝐴𝑀2−𝑎𝑦2𝐴𝑀1

𝑎𝑥2𝑎𝑦1−𝑎𝑦2𝑎𝑥1 ⁡
                                            (2.23) 

𝑐𝑦 =
𝑎𝑥2𝐴𝑀1−𝑎𝑥1𝐴𝑀2

𝑎𝑥2𝑎𝑦1−𝑎𝑦2𝑎𝑥1 ⁡
                                                (2.24) 

The process of the simultaneous equation method is shown in figure 2.11. To calculate the 

concentration, the molar absorptivity is calculated by the slope of the linear regression equation. It is 

calculated by the known concentration data in (2.16). X is the concentration of the component and Y is the 

light absorbance of pure solution. After that, the concentration calculation provides the light absorbance 

measured by 2 wavelengths and the molar absorptivity calculated by the linear regression analysis in (2.23) 

and (2.24). 
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Figure 2.11. Process of the simultaneous equation method. 

2.2.2. Derivative spectrophotometry 

This method relates to the alternation of the absorption spectra or the zero-order spectrum to the first-

order derivative spectrum or the high order [23-28,60]. The width of the high-order wave is narrower than the 

width of the low-order wave. Therefore, the high order spectrum has more detail than the low order spectrum. 

Figure 2.12 illustrates examples of the light absorbance of the component x, component y, and mixture between 

component x and y that the spectrum is overlapped by the light absorbance of component x and component y. 

The light absorbance of the mixture is calculated by (2.25). ɛ𝑥 and ɛ𝑦 are the molar absorptivity of component 

x and component y.  

𝐴𝑀 = ɛ𝑥𝑐𝑥𝑙 + ɛ𝑦𝑐𝑦𝑙                                             (2.25) 

 

Figure 2.12. Example light absorbance. 
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The derivative first order of the light absorbance by wavelength is presented in (2.26). In the derivative 

of light absorbance by wavelength, the concentration of the component and the path length are a constant value. 

The alteration is only the molar absorptivity. 

𝑑𝐴𝑀

𝑑𝜆
= 𝑐𝑥𝑙

𝑑ɛ𝑥

𝑑𝜆
+ 𝑐𝑦𝑙

𝑑ɛ𝑦

𝑑𝜆
                                        (2.26) 

 Figure 2.13 displays the derivative first order of the light absorbance of figure 2.12. It shows that at the 

wavelength which the light absorbance is the peak of wave, the pure component amplitude of the first order 

derivative is 0. This point is called “zero-crossing”. Therefore, the derivative spectrophotometer method provides 

the zero-crossing point to eliminate the disinterest component variable. The amplitude of the first-order at the 

zero-crossing which the light absorbance of the substance y is maximum is obtained in (2.27). 

𝑑𝐴𝑀

𝑑𝜆
= 𝑐𝑥𝑙

𝑑ɛ𝑥

𝑑𝜆
                                                  (2.27) 

The amplitude of the first order in (2.27) shows that the variable of the component y is obliterated and 

the concentration of the component x (𝑐𝑥) is direct variation with the mixture amplitude of the first order (
𝑑𝐴𝑀

𝑑𝜆
). 

Figure 2.14 illustrates the relationship of the first derivative of the mixture light absorbance when the 

concentration of component y increases. It shows that the amplitude of the first derivative at the zero-crossing 

when the light absorbance of component y is at the peak of the wave in zero-order is equal in every solution even 

if the concentration of the component y is changed. Furthermore, figure 2.15 illustrates the amplitude of the first 

derivative at the zero-crossing when the light absorbance of component x is at the peak of the curve in zero order. 

The amplitude of the first derivative is direct variation with the concentration of the component y. 

 

Figure 2.13. First order derivative of example light absorbance. 
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Figure 2.14. First order derivative light absorbance of the mixture solution when the concentration of 

component y increase. 

 

Figure 2.15. Amplitude of the first derivative at the zero-crossing when the light absorbance of component x is 

peak of the curve in zero order. 
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Figure 2.16. Process of the derivative method. 

Process of the derivative spectrophotometry is displayed in figure 2.16. The light absorbance at the zero 

crossing is taken by derivative to eliminate the noise of the disinterest component. Therefore, the derivative first 

order amplitude of the light absorbance of the mixture is direct variation with the concentration of the interest 

component at the zero-crossing. The linear regression analysis calculates the linear function that is the relation 

between the first order amplitude and the concentration of the known concentration solution to calculate the 

concentration of solution. 

2.2.3. Absorb ratio method 

This method utilizes the division by the standard solution of the disinterest solution [29-31]. To eliminate 

the variable of the disinterest solution, the light absorbance ratio between the mixture and the disinterest standard 

solution is subtracted by the light absorbance ratio between the mixture and the disinterest standard solution of 

another wavelength. The light absorbance of the mixture solution (𝐴𝑀) between component x and component y 

is the sum of the light absorbance of component x (𝐴𝑥) and y (𝐴𝑦) in (2.28).  

𝐴M = 𝐴𝑥 + 𝐴𝑦                                                      (2.28) 

 The ratio between light absorbance of the mixture solution between component x and component y (𝐴𝑀) 

and the standard solution (𝐴𝑥
0) of x substance is presented in (2.29). 

𝐴𝑀

𝐴𝑥
0 =

𝐴𝑥

𝐴𝑥
0+

𝐴𝑦

𝐴𝑥
0                                                             (2.29) 

 Figure 2.17 shows examples of the light absorbances of component x, component y and the mixture 

between component x and component y. The light absorbance ratio between the standard of the component x and 

mixture solutions is shown in figure 2.18. It shows that the light absorbance ratio between the disinterest 

component and the standard solution (
𝐴𝑥

𝐴𝑥
0) is constant in every wavelength. Therefore, the difference between 

the mixture ratio (
𝐴𝑀

𝐴𝑥
0 ) and the component y ratio (

𝐴𝑦

𝐴𝑥
0) is equal in every wavelength. The equation (2.30) is the 

light absorbance ratio between the mixture and the standard solution of the wavelength 1 is subtracted by the 

light absorbance ratio between the mixture and the standard solution in wavelength 2. 

[
𝐴𝑀

𝐴𝑥
0 ]
1
− [

𝐴𝑀

𝐴𝑥
0 ]
2
= [

𝐴𝑦

𝐴𝑥
0]
1
− [

𝐴𝑦

𝐴𝑥
0]
2

                                         (2.30) 

 When the concentration of the component y is factorized from the light absorbance, the equation (2.31) 

is obtained.  
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{[
𝜀𝑦

𝐴𝑥
0]
1
− [

𝜀𝑦

𝐴𝑥
0]
2
} 𝑐𝑦 = [

𝐴𝑀

𝐴𝑥
0 ]
1
− [

𝐴𝑀

𝐴𝑥
0 ]
2

                               ( 2 . 31 ) 

 

Figure 2.17. Example light absorbance for the absorb ratio method. 

 

 

Figure 2.18. Ratio between the light absorbance of component x, component y and mixture and standard of 
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Figure 2.19. Light absorbance ratio between the mixture solution and standard solution of component x when 

concentration of the component y increases. 
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Figure 2.20. Difference of the light absorbance ratio (
𝐴𝑥+𝐴𝑦

𝐴𝑥
0 ) between wavelength 1 and wavelength 2 when 

the concentration of component y increases. 

 

Figure 2.21. Process of the absorbance ratio method. 
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𝐴𝑥
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Therefore, there is no noise of the disinterest component in the difference of the light absorbance ratio. The 

difference of the light absorbance ratio varies the concentration of interest component directly. Thus, the linear 

regression analysis calculates the linear function that is the relation between the difference of the light absorbance 

ratio and the concentration of the known concentration solution to calculate the concentration of solution. 

2.2.4. Derivative ratio spectra method 

The derivative ratio spectra method is based on the derivative spectra and the absorbance ratio method 

[32-36]. This technique continues from (2.29). The derivative first-order of (2.29) by wavelength is obtained in 

(2.32). 

𝑑

𝑑𝜆
[
𝐴𝑀

𝐴𝑥
0 ] =

𝑑

𝑑𝜆
[
𝐴𝑥

𝐴𝑥
0 +

𝐴𝑦

𝐴𝑥
0]                                               (2.32) 

The light absorbance ratio between component x and the standard of component x (
𝐴𝑥

𝐴𝑥
0) is constant. 

Therefore, it is eliminated. The derivative of the light absorbance ratio is shown in (2.33). 

𝑑

𝑑𝜆
[
𝐴𝑀

𝐴𝑥
0 ] =

𝑑

𝑑𝜆
[
𝐴𝑦

𝐴𝑥
0]                                                     (2.33) 

 Figure 2.22 shows the derivative of the light absorbance ratio from figure 2.18. It presents that the 

derivative of the light absorbance ratio between mixture solution and the standard of the component x (
𝑑

𝑑𝜆
[
𝐴𝑀

𝐴𝑥
0 ]) 

is equal to the light absorbance ratio between component y and the standard of the component x (
𝑑

𝑑𝜆
[
𝐴𝑦

𝐴𝑥
0]). The 

concentration (𝑐𝑦) and the path length (l) are factors of the light absorbance which do not alter by the wavelength 

in (2.34). Therefore, they can be factorized from the light absorbance, the equation (2.35) is obtained. 

𝐴𝑦 = 𝑐𝑦𝑙𝜀𝑦                                                  ( 2 . 3 4 ) 

𝑑

𝑑𝜆
[
𝐴𝑀

𝐴𝑥
0 ] = 𝑐𝑦𝑙

𝑑

𝑑𝜆
[
𝜀𝑦

𝐴𝑥
0]                                                 (2.35) 

 It shows that the concentration of the component y (𝑐𝑦) is direct variation with the derivative of the 

light absorbance ratio between mixture solution and the standard of the component x (
𝑑

𝑑𝜆
[
𝐴𝑀

𝐴𝑥
0 ])  in every 

wavelength. The concentration of component y can be calculated by linear regression analysis directly. 
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Figure 2.22. Derivative of the ratio of the light absorbance from Figure 2.18. 

 

Figure 2.23. Process of the derivative ratio method. 
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Therefore, it varies the concentration of solution directly. Thus, the linear regression analysis calculates the linear 

function that is the relation between the derivative light absorbance ratio and the concentration of the known 
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2.2.5. Double divisor ratio spectra derivative method 

This method is based on the derivative ratio spectra method [49-50]. It analyses the 3 compounds of the 

mixture solution. The light absorbance of 3 compounds mixture solution is shown in (2.36). The mixture consists 

of component x, component y, and component z. 

𝐴𝑀 = 𝑎𝑥𝑐𝑥 + 𝑎𝑦𝑐𝑦 + 𝑎𝑧𝑐𝑧                                                  (2.36) 

It is the same as the absorbance ratio method that provides the standard of disinterest solution. In this 

method, there are 3 compounds in the mixture. Therefore, the standard solution is the mixture solution of 2 

disinterest compounds shown in (2.37). 

𝐴𝑀
0 = 𝑎𝑥𝑐𝑥

0 + 𝑎𝑦𝑐𝑦
0                                                  (2.37) 

The ratio between the mixture solution of 3 compounds and the standard mixture of 2 of 3 compounds 

of the mixture solution (
𝐴𝑀⁡

𝐴𝑀
0 ) is obtained in (2.38). 

𝐴𝑀⁡

𝐴𝑀
0 =

𝑎𝑥𝑐𝑥+𝑎𝑦𝑐𝑦

𝑎𝑥𝑐𝑥
0+𝑎𝑦𝑐𝑦

0 +
𝑎𝑧𝑐𝑧

𝑎𝑥𝑐𝑥
0+𝑎𝑦𝑐𝑦

0                                                 (2.38) 

The first derivative of the mixture solution of 3 compounds and the standard mixture of 2 of 3 

compounds of the mixture solution (
𝐴𝑀⁡

𝐴𝑀
0 ) is shown in (2.39).  

𝑑

𝑑𝜆
[
𝐴𝑀

𝐴𝑀
0 ] =

𝑑

𝑑𝜆
[
𝑎𝑥𝑐𝑥+𝑎𝑦𝑐𝑦

𝑎𝑥𝑐𝑥
0+𝑎𝑦𝑐𝑦

0] +
𝑑

𝑑𝜆
[

𝑎𝑧𝑐𝑧

𝑎𝑥𝑐𝑥
0+𝑎𝑦𝑐𝑦

0]                                             (2.39) 

The light absorbance ratio between the 2 compounds which is the mixture and the standard mixture 

(
𝑎𝑥𝑐𝑥+𝑎𝑦𝑐𝑦

𝑎𝑥𝑐𝑥
0+𝑎𝑦𝑐𝑦

0) is as constant as to the ratio of disinterest component (
𝐴𝑥

𝐴𝑥
0) in (2.32) in the case of the concentration 

ratio (
𝑐𝑥

𝑐𝑦
) between the component x and component y is equal with the concentration ration of the standard 

mixture (
𝑐𝑥
0

𝑐𝑦
0) between component x and component y. Therefore, the equation (2.40) is obtained. 

𝑑

𝑑𝜆
[
𝐴𝑀

𝐴𝑀
0 ] =

𝑑

𝑑𝜆
[

𝑎𝑧𝑐𝑧

𝑎𝑥𝑐𝑥
0+𝑎𝑦𝑐𝑦

0]                                              (2.40) 

It presents that the concentration of the interest component (𝑐𝑧) is direct variation with the derivative 

first order of the light absorbance ratio between the mixture solution (𝐴𝑀) and the standard mixture solution 

(𝐴𝑀
0 ). Thus, the concentration of the component z can be calculated by linear regression analysis with the 

derivative of the light absorbance ratio (
𝑑

𝑑𝜆
[
𝐴𝑀

𝐴𝑀
0 ]) between the mixture solution and the standard of mixture 

solution. However, in the case that the ratio of the disinterest component is not equal to the ratio of the disinterest 

standard component, the equation (2.41) is obtained. 

𝑑

𝑑𝜆
[
𝐴𝑀

𝐴𝑀
0 ] −

𝑑

𝑑𝜆
[
𝑎𝑥𝑐𝑥+𝑎𝑦𝑐𝑦

𝑎𝑥𝑐𝑥
0+𝑎𝑦𝑐𝑦

0] =
𝑑

𝑑𝜆
[

𝑎𝑧𝑐𝑧

𝑎𝑥𝑐𝑥
0+𝑎𝑦𝑐𝑦

0]                                             (2.41) 

Figure 2.24 displays the light absorbance of the 3 components and the mixture solution of 3 components. 

Figure 2.25 exhibits the derivative ratio of the light absorbance in figure 2.24. It shows that when the 

concentration ratio of disinterest component (
𝑐𝑥

𝑐𝑦
) is not equal to the concentration ratio of disinterest standard 

component (
𝑐𝑥
0

𝑐𝑦
0), the derivative of light absorbance ratio between disinterest mixture and disinterest standard 
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mixture (
𝑑

𝑑𝜆
[
𝐴𝑥+2𝐴𝑦

𝐴𝑥
0+𝐴𝑦

0 ])  is not 0. However, when the light absorbance ratio of mixture (
𝑑

𝑑𝜆
[
𝐴𝑥+2𝐴𝑦+𝐴𝑧

𝐴𝑥
0+𝐴𝑦

0 ])  is 

substituted by the light absorbance ratio of the disinterest solution (
𝑑

𝑑𝜆
[
𝐴𝑥+2𝐴𝑦

𝐴𝑥
0+𝐴𝑦

0 ]), the result is equal to the light 

absorbance ratio of mixture (
𝑑

𝑑𝜆
[
𝐴𝑥+𝐴𝑦+𝐴𝑧

𝐴𝑥
0+𝐴𝑦

0 ]) in case of the ratio of the component is equal to the ratio of the 

standard component. 

 

Figure 2.24. Light absorbance of 3 components and the mixture solution of 3 components. 
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Figure 2.25. Derivative ration light absorbance in the case of 3 components from figure 2.24. 
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Figure 2.26. Process of the double divisor ratio spectra derivative method. 

 

Figure 2.27. Process of the Successive ratio – derivative spectra method. 
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in (2.42), the light absorbance equation in (2.42) is divided by the molar absorptivity of the first disinterest 

component (𝑎𝑧) shown in (2.43). 

𝐴𝑀

𝑎𝑧
=

𝑎𝑥𝑐𝑥+𝑎𝑦𝑐𝑦

𝑎𝑧
+ 𝑐𝑧                                                     (2.43) 

The concentration of component is not changed by the alteration of wavelength. Therefore, the 

derivative of the first disinterest is eliminated by the wavelength derivative. The derivative equation is obtained 

in (2.44). 

𝑑

𝑑𝜆
[
𝐴𝑀

𝑎𝑧
] =

𝑑

𝑑𝜆
[
𝑎𝑥𝑐𝑥

𝑎𝑧
] +

𝑑

𝑑𝜆
[
𝑎𝑦𝑐𝑦

𝑎𝑧
]                                             (2.44) 

In equation (2.44), there are 2 variables of the component. Next step deletes the second disinterest 

component. The concentration of the second disinterest component (𝑐𝑦) is factorized from the light absorbance 

(𝑎𝑦𝑐𝑦 ). After that, the equation (2.44) is divided by the derivative of division 
𝑑

𝑑𝜆
[
𝑎𝑦

𝑎𝑧
]  between the molar 

absorptivity of the second disinterest component and the molar absorptivity of the first disinterest component 

shown in (2.45). 

(
𝑑

𝑑𝜆
[
𝐴𝑀
𝑎𝑧
])

𝑑

𝑑𝜆
[
𝑎𝑦

𝑎𝑧
]
=

(
𝑑

𝑑𝜆
[
𝑎𝑥𝑐𝑥
𝑎𝑧

])

𝑑

𝑑𝜆
[
𝑎𝑦

𝑎𝑧
]
+ 𝑐𝑦                                                   (2.45) 

When the first derivative is taken in (2.45), the derivative of the second interest component (𝑐𝑦) is 0 

shown in (2.46) because the concentration does not change in the alteration of the wavelength. 

𝑑

𝑑𝜆
[
(
𝑑

𝑑𝜆
[
𝐴𝑀
𝑎𝑧
])

𝑑

𝑑𝜆
[
𝑎𝑦

𝑎𝑧
]
] =

𝑑

𝑑𝜆
[
(
𝑑

𝑑𝜆
[
𝑎𝑥𝑐𝑥
𝑎𝑧

])

𝑑

𝑑𝜆
[
𝑎𝑦

𝑎𝑧
]
]                                             (2.46) 

As the equation (2.46), there is the linear relationship between the concentration of the interest 

component (𝑐𝑥)  and 
𝑑

𝑑𝜆
[
(
𝑑

𝑑𝜆
[
𝐴𝑀
𝑎𝑧
])

𝑑

𝑑𝜆
[
𝑎𝑦

𝑎𝑧
]
] . The linear regression analysis calculates the linear function that is the 

relationship between the concentration of the interest component (𝑐𝑥) and 
𝑑

𝑑𝜆
[
(
𝑑

𝑑𝜆
[
𝐴𝑀
𝑎𝑧
])

𝑑

𝑑𝜆
[
𝑎𝑦

𝑎𝑧
]
] by known concentration 

data to calculate the concentration of solution of interest component (𝑐𝑥). Since the sensitivity of 
𝑑

𝑑𝜆
[
(
𝑑

𝑑𝜆
[
𝐴𝑀
𝑎𝑧
])

𝑑

𝑑𝜆
[
𝑎𝑦

𝑎𝑧
]
], 

the maximum or minimum wavelength should be measured.  

The process of the successive ratio – derivative spectra method is exhibited in figure 2.27. This process 

eliminates the variable of the component until the remained variable is 1. The elimination is the division of the 

multiplier of the disinterest concentration and the derivative by wavelength. When the variable of the component 

remains 1, the output varies the concentration of the remained component directly. Therefore, the linear 

regression analysis calculates the linear function that is the relation between the output and the concentration of 

the known concentration solution to calculate the concentration of solution. 
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Figure 2.28. Light absorbance in many spectra of x, y and mixture solution between x and y the concentration 

of x and y is half of one concentration in ratio 1:1. 

2.2.7. Isosbestic “isoabsorptive” point method 

This method requires the specific case of the concentration. It is the isosbestic or iso-absorptivity point. 

At this point, the molar absorptivity of each component in the mixture is equal [37-40]. Figure 2.28 displays the 

iso-absorptive point of the solution x and y in the wavelength between 210-400 nm. At the iso-absorptive point, 

the light absorbances of the solution x and solution y are equal. 

Furthermore, the mixture of both components which the concentration of each component is half of the 

pure solution is equal to the concentration of the pure solution. It shows that the molar absorptivity of solution x 

and solution y are equal. Therefore, the light absorbance can be calculated by (2.47). 

𝐴𝑀 = 𝜀𝑀𝑙(𝑐𝑥 + 𝑐𝑦) = 𝜀𝑀𝑐𝑀𝑙                                             (2.47) 

The concentration of the mixture solution (𝑐𝑀) is the sum of the concentration of all components shown 

in (2.48). When the concentration of one component is known, the concentration of another component is known 

also. Therefore, it provides the other method to calculate the one concentration only. 

𝑐𝑀 = 𝑐𝑥 + 𝑐𝑦                                                        (2.48) 

2.2.8. Absorptivity factor method 

This method is modified from the iso-absorptive method. However, in this case, it does not provide the 

iso-absorptive point. This method provides the absorptivity factor point [47-48]. This point looks like the iso-

absorptive point which the light absorbances of both devices are equal. However, the molar absorptivity is not 

necessary to be equal. The absorptivity factor point in the wavelength between 200-400 nm is illustrated in figure 

2.29. When the light absorbances of both solutions are equal shown in (2.49). The light absorbance of the mixture 

solution can be calculated by (2.50). 

𝐴𝑥 = 𝐴𝑦                                                                      (2.49) 
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Figure 2.29. Absorptivity factor point. 

 

Figure 2.30. Process of the absorptivity factor method. 

𝐴𝑀 = 𝐴𝑥 + 𝐴𝑦 = 2𝐴𝑥 = 2𝐴𝑦                                                       (2.50) 

When the light absorbance of the mixture is rewritten into the Beer-Lambert’s law, the equation (2.51) 

and (2.52) are obtained. 

𝐴𝑀 = 2𝑐𝑥𝑎𝑥                                                        (2.51) 

𝐴𝑀 = 2𝑐𝑦𝑎𝑦                                                        (2.52) 

Therefore, the concentration can be calculated by (2.53) and (2.54). 

𝑐𝑥 =
𝐴𝑀

2𝑎𝑥
                                                          (2.53) 

𝑐𝑦 =
𝐴𝑀

2𝑎𝑦
                                                          (2.54) 

 The process of the absorptivity factor method exhibited in figure 2.30 is the same as the concentration 

calculation of pure solution. Therefore, it requires the molar absorptivity from the linear regression analysis 

which is calculated by the light absorbance and the concentration of the known concentration pure solution. 
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2.2.9. Q-absorbance ratio method 

This method is also termed of the absorbance ratio method. It is modified from the simultaneous 

equation method. This method requires the ratio of light absorbance between both methods shown in (2.55) [41-

46]. The two wavelengths are the wavelength 2 which are the highest light absorbance of one of the components 

and the wavelength 1 of the iso-absorptive point which the light absorbances of two components are equal shown 

in figure 2.28. 

𝐴𝑀2
⁡AM1⁡

=
𝐴𝑥2+𝐴𝑦2
𝐴𝑥1+𝐴𝑦1

                                                            (2.55) 

When the light absorbance is represented by Beer’s law’s which the path length is 1 cm, the rewritten 

equation is shown in (2.56). 

𝐴𝑀2
⁡AM1⁡

=
𝑎𝑥2𝑐𝑥+𝑎𝑦2

𝑐𝑦

𝑎𝑥1𝑐𝑥+𝑎𝑦1
𝑐𝑦

                                                            (2.56) 

At the iso-absorptive point, the molar absorptivity of both solutions is equal. Therefore, 𝑎𝑥1 is equal to 

𝑎𝑦1. The equation becomes (2.57). 

𝐴𝑀2
⁡AM1⁡

=
𝑎𝑥2𝑐𝑥

𝑎𝑥1(𝑐𝑥+𝑐𝑦)
+

𝑎𝑦2
𝑐𝑦

𝑎𝑦1(𝑐𝑥+𝑐𝑦)
                                                            (2.57) 

 To make the easily observable equation, 𝐹𝑥 and 𝐹𝑦 from (2.58) and (2.59) are substituted into (2.57), 

respectively. The equation (2.60) is obtained.  

𝐹𝑥 =
𝑐𝑥

𝑐𝑥+𝑐𝑦
                                                                  (2.58) 

𝐹𝑦 =
𝑐𝑦

𝑐𝑥+𝑐𝑦
                                                                   (2.59) 

𝐴𝑀2

⁡𝐴𝑀1⁡
=

𝑎𝑥2𝐹𝑥

𝑎𝑥1
+
𝑎𝑦2

𝐹𝑦

𝑎𝑦1
                                                                   (2.60) 

The concentration of solution is a factor of the light absorbance which is not altered by the wavelength. 

Therefore, when the equation (2.61) is taken by 1 (
𝑐𝑥

𝑐𝑥
,
𝑐𝑦

𝑐𝑦
), the equation (2.62) is obtained. 

𝐴𝑀2
⁡AM1⁡

=
𝑐𝑥𝑎𝑥2𝐹𝑥

𝑐𝑥𝑎𝑥1
+
𝑐𝑦𝑎𝑦2

𝐹𝑦

𝑐𝑦𝑎𝑦1
                                                                   (2.61) 

𝐴𝑀2
⁡AM1⁡

=
𝐴𝑥2𝐹𝑥

𝐴𝑥1
+
𝐴𝑦2

𝐹𝑦

𝐴𝑦1
                                                                   (2.62) 

Each ratio is shown in (2.63), (2.64) and (2.65). 

𝑄𝑀 =
𝐴𝑀2

⁡AM1⁡
=

⁡𝐴𝑏𝑠𝑜𝑟𝑏𝑎𝑛𝑐𝑒⁡𝑜𝑓⁡𝑡ℎ𝑒⁡𝑠𝑎𝑚𝑝𝑙𝑒⁡𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛⁡𝑎𝑡⁡𝑡ℎ𝑒⁡𝑤𝑎𝑣𝑒𝑙𝑒𝑛𝑔𝑡ℎ⁡2⁡𝑜𝑓⁡𝑜𝑛𝑒⁡𝑜𝑓⁡𝑡ℎ𝑒⁡𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠⁡

𝐴𝑏𝑠𝑜𝑟𝑏𝑎𝑛𝑐𝑒⁡𝑜𝑓⁡𝑡ℎ𝑒⁡𝑠𝑎𝑚𝑝𝑙𝑒⁡𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛⁡𝑎𝑡⁡𝑤𝑎𝑣𝑒𝑙𝑒𝑛𝑔𝑡ℎ⁡1
                (2.63) 

𝑄𝑥 =
𝐴𝑥𝜆2

𝐴𝑥𝜆1

=
𝑎𝑥𝜆2

𝑎𝑥𝜆1

=
𝐴𝑏𝑠𝑜𝑟𝑏𝑛𝑎𝑐𝑒⁡𝑜𝑟⁡𝑚𝑜𝑙𝑎𝑟⁡𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑣𝑖𝑡𝑦⁡𝑜𝑓⁡𝑥⁡𝑎𝑡⁡𝑡ℎ𝑒⁡𝑤𝑎𝑣𝑒𝑙𝑒𝑛𝑔𝑡ℎ⁡2⁡⁡𝑜𝑓⁡𝑜𝑛𝑒⁡𝑜𝑓⁡𝑡ℎ𝑒⁡𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠⁡

𝐴𝑏𝑠𝑜𝑟𝑏𝑛𝑎𝑐𝑒⁡𝑜𝑟⁡𝑚𝑜𝑙𝑎𝑟⁡𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑣𝑖𝑡𝑦⁡⁡𝑜𝑓⁡𝑥⁡𝑎𝑡⁡𝑡ℎ𝑒⁡𝑤𝑎𝑣𝑒𝑙𝑒𝑛𝑔𝑡ℎ⁡1
        (2.64) 

𝑄𝑦 =
𝐴𝑦𝜆2

𝐴𝑦𝜆1

=
𝑎𝑦𝜆2

𝑎𝑦𝜆1

=
𝐴𝑏𝑠𝑜𝑟𝑏𝑛𝑎𝑐𝑒⁡𝑜𝑟⁡𝑚𝑜𝑙𝑎𝑟⁡𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑣𝑖𝑡𝑦⁡⁡𝑜𝑓⁡𝑦⁡𝑎𝑡⁡𝑡ℎ𝑒⁡𝑤𝑎𝑣𝑒𝑙𝑒𝑛𝑔𝑡ℎ⁡2⁡⁡𝑜𝑓⁡𝑜𝑛𝑒⁡𝑜𝑓⁡𝑡ℎ𝑒⁡𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠⁡

𝐴𝑏𝑠𝑜𝑟𝑏𝑛𝑎𝑐𝑒⁡𝑜𝑟⁡𝑚𝑜𝑙𝑎𝑟⁡𝑎𝑏𝑠𝑜𝑟𝑝𝑡𝑖𝑣𝑖𝑡𝑦⁡⁡𝑜𝑓⁡𝑦⁡𝑎𝑡⁡𝑡ℎ𝑒⁡𝑤𝑎𝑣𝑒𝑙𝑒𝑛𝑔𝑡ℎ⁡1
       (2.65) 

When the equation (2.63), (2.64) and (2.65) substitute in (2.62), the rearranged equation is shown in 

(2.66). The sum between 𝐹𝑥 and 𝐹𝑦 is 1 shown in (2.67). 
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Figure 2.31. Process of the Q-absorbance ratio method. 

𝑄𝑀 = 𝑄𝑥𝐹𝑥 + 𝑄𝑦𝐹𝑦                                                                   (2.66) 

𝐹𝑥 + 𝐹𝑦 = 1                                                                        (2.67) 

The equation (2.66) is rewritten by (2.68) and (2.69) that is the concentration of the component x and 

component y, respectively. 

𝑐𝑥 =
(𝑄𝑀−𝑄𝑦)𝐴𝑀1
(𝑄𝑥−𝑄𝑦)𝑎𝑥1

                                                                   (2.68) 

𝑐𝑦 =
(𝑄𝑀−𝑄𝑥)𝐴𝑀1

(𝑄𝑦−𝑄𝑥)𝑎𝑦2
                                                                   (2.69) 

The process of the Q-absorbance ratio method is displayed in figure 2.31. The process is the same as 

the simultaneous equation method which utilizes the molar absorptivity of all cases and the light absorbance of 

2 wavelengths. The calculation equation is shown in (2.68) and (2.69). 

2.3. Comparison of the previous spectrophotometric method 

This section compares the previous spectrophotometric methods in the case of the 2 components. 

Therefore, there are no the double divisor ratio spectra derivative method and the successive ratio – derivative 

spectra method that is utilized with the more 3-component solution. In the ideal case, the results of all 

concentration are perfect. The criteria comparison is about the number of inputs, linear regression calculation 

times, and the specific condition. The linear regression analysis is provided to calculate the molar absorptivity 

or make a linear function that is the relationship between the outputs of each method and the concentration of 

solution to calculate the concentration of the unknown concentration solution. 

Table 2.1 exhibits the number of light absorbance, the number of molar absorptivity, linear regression 

calculation time, derivative time, and specific condition in the calculation of 1 component from the 2 components 

solution. Table 2.2 shows the number of light absorbance, the number of molar absorptivity, linear regression 

calculation time, derivative time, and specific condition in the calculation of the 2 components from the 2 

components solution. It shows that the calculation of each component employs the same variable in some 

methods.  
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The simultaneous equation requires all molar absorptivity and the light absorbance of 2 wavelengths to 

calculate the concentration of 2 components. Therefore, the calculation of each component required the same 

variable. Furthermore, it can be used in every spectrophotometer without specific condition. 

The derivative spectrophotometry provides only 1 light absorbance at the zero-crossing to calculate the 

concentration of one component. The derivative of the light absorbance at the zero-crossing does not have the 

noise of the one component. Therefore, the concentration can be calculated by the linear regression analysis 

between the light absorbance at the zero-crossing and the concentration of another components. The molar 

absorptivity is not essential in the calculation of this method. However, the derivative function is necessary. 

Thus, the limited wavelength spectrophotometer cannot employ this method. 

The absorptivity ratio requires the light absorbance of standard solution of the disinterest component. 

The noise of the disinterest component is eliminated when the light absorbance is subtracted with the light 

absorbance of another wavelengths. The concentration of interest component varies the difference of the light 

absorbance ration between mixture and disinterest concentration of both wavelengths. The standard solution 

does not have to equal with molar absorptivity. In the error case, if the standard solution is equal with the molar 

absorptivity, the result is the same as the result of the simultaneous equation. 

The derivative ratio spectra method is modified from the absorb ratio and the derivative ratio. It 

eliminates the noise of the disinterest component by the division of the light absorbance of standard solution and 

the derivative by wavelength. The derivative of the light absorbance ratio between the mixture and standard 

disinterest solution is direct variation with the concentration of the interest concentration in every wavelength. 

Therefore, it does not employ the specific condition and the molar absorptivity. To calculate the concentration 

of 2 components, one light absorbance is provided only. However, because of the same as the derivative method, 

the derivative function is necessary. 

The isosbestic point method provides the other methods to calculate the concentration of one component. 

When the concentration of one component is known, the concentrations of another components are known 

without the other variables. 

 The absorptivity factor method provides the 1 light absorbance to calculate the concentration of the 2 

components. At the absorptivity factor point, the light absorbance of every component is equal. Therefore, to 

calculate the concentration, it provides only the one molar absorptivity per component. 

 Q-absorbance ratio method can calculate the concentration of the solution 2 ways. The first way uses 2 

light absorbances and 4 molar absorptivitys. The second way uses 6 light absorbances and 1 molar absorptivity. 

Furthermore, this method provides the isosbestic point. 

 From the comparison, to calculate the concentration of the component, the necessity is the linear 

regression analysis. To calculate the molar absorptivity or the calculation of the concentration in the last process, 

the linear regression analysis is required. The derivative requires many wavelengths of light. The limited 

wavelength spectrophotometer cannot utilize derivative. Furthermore, the specific condition is only in some 

wavelengths which can be found by multi-wavelength spectrophotometer. Therefore, there are 2 methods which 

can be used in every spectrophotometer without specific condition. They are simultaneous equation method and 

the absorbance ratio. 
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From the above previous spectrophotometric method, they can be categorized to 2 main methods. The 

first is the use of all molar absorptivity between the component and the wavelength to calculate the concentration 

of solution. The second is the elimination of noise of the disinterest concentration which the remained value 

varies the concentration of the interest concentration directly.  

Table 2.1. Comparison of the previous spectrophotometric method in case of the calculation of concentration 

of one component in 2-component solution. 

Method 

Number of 

the light 

absorbance 

Number of the 

molar 

absorptivity 

Linear 

regression 

calculation 

time 

Derivative 

time 

Specific 

condition 

Simultaneous 

equation method 
2 4 4 - - 

Derivative 

spectrophotometry 
1 - 1 1 Zero-crossing 

Absorbance ratio 

method 
2 - (2) 1 (3) - - 

Derivative ratio 

spectra method 
1 1 2 1 - 

Isosbestic point 

method 

Dependent 

the used 

method 

Dependent the 

used method 

Dependent the 

used method 

Dependent the 

used method 
Isosbestic point  

Absorptivity 

factor method 
1 1 1 - 

Absorptivity 

factor 

Q-absorbance 

ratio method 
2 1 (4) 1 (4) - Isosbestic point 

 

Table 2.2. Comparison of the previous spectrophotometric method in case of the calculation of concentration 

of two components in 2-component solution. 

Method 

Number of 

the light 

absorbance 

Number of the 

molar 

absorptivity 

Linear 

regression 

calculation 

time 

Derivative 

time 

Specific 

condition 

Simultaneous 

equation method 
2 4 4 - - 

Derivative 

spectrophotometry 
2 - 2 2 Zero-crossing 

Absorbance ratio 

method 
2 - (4) 2 (6) - - 

Derivative ratio 

spectra method 
1 2 4 2 - 

Isosbestic point 

method 

Same as 

calculation 

of one 

component 

Same as 

calculation of 

one component 

Same as 

calculation of 

one component 

Same as 

calculation of 

one component 

Isosbestic point  

Absorptivity 

factor method 
1 2 2 - 

Absorptivity 

factor 

Q-absorbance 

ratio method 
2 2 (4) 2 (4) - Isosbestic point 
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Figure 2.32. Deviations from the Beer’s law. 

In the concentration calculation only 1 component, the noise elimination method provides less the linear 

regression calculation time than the method using all molar absorptivity. However, in the concentration 

calculation 2 components without specific component, the linear regression calculation time of the noise 

elimination method and the method using all molar absorptivity are equal. 

2.4. Deviation of the Beer-Lambert’s law 

In the ideal case, the calculated concentrations of the components are equal in all methods. However, in 

the experiment, there are many errors which are not following the Beer-Lambert’s law [55,60]. It is called the 

deviation of Beer-Lambert’s law. There are the positive and negative deviations shown in figure 2.32. These 

deviations from the Beer-Lambert’s law can be classified into three categories. There are real deviations, 

chemical deviations, and instrument deviations. 

2.8.1. Real deviation 

Beer-Lambert’s law describes the relationship between the light absorbance and the concentration 

of the solution capable at the low concentration which is the concentration of solution is lesser than 0.01 

M. When the concentration of solution is more than 0.01M, the deviations are due to interactions between 

the absorbing species and to alterations of the refraction of the medium. 

At the high concentration, the molecules of the solute are a cause to change the distribution on their 

neighboring species in the solution differently. Because the light absorbance is an electronic phenomenon, 

the high concentration would possibly result in a shift in the absorption wavelength. In some time, the 

electrolyte concentration changes the distributions and affecting the light absorbance. Some large ion or 

molecule present the deviation even at the low concentration. Furthermore, the high concentration can alter 

the refractive index of the solution which affects the light absorbance. 

2.8.2. Chemical deviation 

The chemical deviation occurs by the chemical phenomenon involving association, dissociation, 

and interaction of the molecule with the solvent to produce a product with different absorption 

characteristics. 
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Figure 2.33. Light absorbance of phenol red. 

(Picture from Using Phenol Red to Assess pH in Tissue Culture Media [61]) 

 

Figure 2.34. Transformation of the molecule of the phenol red. 

For an example, figure 2.33 shows the light absorbance of the phenol red in any pH level of the solvent. 

When pH of the solvent is changed, the light absorbance of the phenol red is changed. When the solvent is acid, 

the molecule of the phenol red associates with hydrogen ion (H+) of the solvent. The color of the phenol red is 

altered from red to yellow. When the solvent is changed from the acid to the base the hydrogen ion (H+) 

dissociates from the molecule of the phenol red to associate with the hydroxide (OH-), the color of the phenol 

red become red from yellow. Transformation of the molecule of the phenol red is shown in figure 2.34. 
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2.8.3. Instrumental deviation 

The instrumental deviation occurs due to the instrument in the experiment. Beer-lambert’s law is 

strict about a light source which is the monochromatic light. Monochromators are used to isolate portions 

of the output from continuum light sources. However, the truly monochromatic radiation never exists. It 

can only be approximated the wavelength of the light which is the polychromatic light. When the incident 

light consists of the 2 wavelengths, the incident light intensity (𝐼0𝑀) is calculated by (2.70). 

𝐼0𝑀 = 𝐼0𝜆1
+ 𝐼0𝜆2

                                                                       (2.70) 

As the same with the incident light intensity, the transmitting light (𝐼𝑀) of 2 wavelengths is the sum 

of the transmitting light intensity of the 2 wavelengths shown in (2.71). 

𝐼𝑀 = 𝐼𝜆1 + 𝐼𝜆2                                                                       (2.71) 

The transmittance (𝑇𝑀) of the 2 wavelengths is determined by the ratio between the transmitting 

light intensity and the incident light intensity shown in (2.72). 

𝑇𝑀 =
𝐼𝑀

𝐼0𝑀
=

𝐼𝜆1+𝐼𝜆2

𝐼0𝜆1
+𝐼0𝜆2

                                                                       (2.72) 

Therefore, the light absorbance by the 2 wavelengths is calculated by the minus logarithm of the 

transmittance shown in (2.73). 

𝐴𝑀 = −log⁡(𝑇𝑀) = −log⁡[
𝐼𝜆1+𝐼𝜆2

𝐼0𝜆1
+𝐼0𝜆2

]                                                      (2.73) 

The light absorbance at the wavelength 𝜆1 and 𝜆2 is calculated by (2.74) and (2.75), respectively. 

𝐴𝜆1 = −log⁡(
𝐼𝜆1

𝐼0𝜆1

)                                                      (2.74) 

𝐴𝜆2 = −log⁡(
𝐼𝜆2

𝐼0𝜆2

)                                                      (2.75) 

The equation (2.74) and (2.75) is rewritten by (2.76) and (2.77) to calculate the transmitting light. 

𝐼𝜆1 = 𝐼0𝜆1
10−𝐴𝜆1                                                       (2.76) 

𝐼𝜆2 = 𝐼0𝜆2
10−𝐴𝜆2                                                       (2.77) 
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Figure 2.35. Light absorbance by 2 wavelengths when the molar absorptivity of one wavelength is changed. 

When the transmitting light intensity of 𝜆1⁡and 𝜆2 (𝐼𝜆1 , 𝐼𝜆2) is taken into the (2.73),  the light 

absorbance by 2 wavelengths (𝐴𝑀) is calculated by (2.78). 

𝐴𝑀 = log⁡[
𝐼0𝜆1

+𝐼0𝜆2

𝐼0𝜆1
10

−𝐴𝜆1+𝐼0𝜆2
10

−𝐴𝜆2
]                                                      (2.78) 

 When the molar absorptivity of both wavelengths is the same, the relationship between the 

absorbance and the concentration of solution follows Beer-Lambert’s law to obtain a straight line. However, 

the difference between the molar absorptivity of both wavelengths (ɛ𝜆1 , ɛ𝜆2) increases, the deviations from 

linearity also increases. Figure 2.35 illustrates the light absorbance when the molar absorptivity of one 

wavelength is changed.  

 The polychromatic light occurs by the many wavelengths of light going to the solution. In the 

measurement, a slit covers a light source. Therefore, a slit is narrow. The wavelength of light going to the solution 

is lesser. However, in the experiment, a slit is constant. Therefore, to reduce the deviation to a minimum, the 

selection of the wavelength is required. Figure 2.36 shows the 2 bands of the wavelength. The band A is 

wavelength which is a minimal change of the molar absorptivity (𝜆𝑀𝐴𝑋). Figure 2.37 shows the deviations from 

Beer-Lambert’s laws which is observed at the maximum wavelength (𝜆𝑀𝐴𝑋) and the other wavelength. It shows 

that the relationship between the concentration and light absorbance of the band A which is the maximum 

wavelength (𝜆𝑀𝐴𝑋) is linear relation. However, the relationship between the concentration and light absorbance 

of the band B which has a large change of the molar absorptivity is non-linear relation. This is a reason why 

the measurement of the light absorbance requires the maximum wavelength. 
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Figure 2.36. Change of the molar absorptivity per unit change in the wavelength. 

 

Figure 2.37. Deviated light absorbance of 2 wavelengths. 
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Figure 2.38. Case of stray radiation excepting the case of instrument. 

The deviation does not occur only the polychromatic light, it occurs by the stray radiation. The 

radiation stray is due to reflection and scattering by the surfaces of lenses, mirrors, gratings, filters, or windows 

in a light source or monochromator. The deviation of the stray radiation does not occur in the instrument only, 

the stray radiation occurs also in solution and the cell or cuvette. Figure 2.38 shows the case of stray radiation 

excepting the case of instrument. It occurs following: 

1) Reflection of air or cell and solution /cell interfaces 

2) Scattering by the any suspended particles of the solution 

3) Absorption by solution 

4) Fluorescence solution which occurs by the absorption of the energy and emits the energy at the different 

wavelength 

The light absorbance which has error which occurs from air or cell is calculated by (2.79). k is the 

constant value which is occurred by the phenomenon in the wall of cell. 

𝐴 = 𝜀𝑐𝑙 + 𝑘                                                                     (2.79)
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3. Suggestion of the novel spectrophotometric method 
In the case of the pure solution, the linear regression analysis is preformed to calculate the linear function 

that is relationship between the concentration and the light absorbance. The linear function is calculated by some 

known concentration data. In ideal case, the calculation of the linear regression analysis is perfect. The ideal 

light absorbance is proportional to the concentration of solution shown in figure 3.1. The dash line in the figure 

3.1 shows the linear function calculated by the linear regression analysis from some known concentration data 

in the function of deviation of Beer-Lambert's law. However, in the case of the deviation of Beer-Lambert’s law, 

the light absorbance is not proportional to the concentration. Therefore, there are many errors when the calculated 

function is compared with the function of deviation of Beer-Lambert’s law. The function of the deviation of the 

Beer-Lambert’s law is the non-linear function. To reduce errors, a nonlinear approximation method is provided. 

This section analyses the nonlinear approximation methods. The proposed spectrophotometric method provides 

the method that is appropriate with the deviation of Beer-Lambert’s law. After that, the proposed method is 

analysed in the case of the pure solution and the multi-component solution. Further, the design of the fuzzy set 

is in this section also. 

3.1. Analysis of the nonlinear approximation method 

The nonlinear approximation method provides some data in the nonlinear function to estimate a value 

of the nonlinear function. This subsection analyses the nonlinear approximation method that is appropriate with 

the deviation of Beer-Lambert’s law. The analysed methods are included with a linear interpolation and a 

polynomial regression analysis. 

 

 

Figure 3.1. Linear function by linear regression analysis. 
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3.1.1. Polynomial regression analysis 
The polynomial regression analysis is a form of the regression analysis. The polynomial regression 

analysis provides some known concentration data to estimate or predict the data of the nonlinear function [62-

63]. In the case of the spectrophotometric method, the polynomial regression analysis calculates the 

concentration of solution as the polynomial function. The approximation depends on the number of the known 

concentration data, position of the known concentration data and degree of the polynomial equation. The 

function is calculated by the polynomial regression analysis shown in (3.1). n is the degree of the polynomial 

equation. 

𝑓(𝑥) = 𝑦 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 +⋯+ 𝑎𝑛𝑥

𝑛                                                                   (3.1) 

The error (𝑒𝑖) at each data (𝑥𝑖 , 𝑦𝑖) is calculated by (3.2). i is the ordinal number of data. The sum of the 

squares of all error is shown in (3.3).  

𝑒𝑖 = 𝑦𝑖 − 𝑓(𝑥) = 𝑦𝑖 − 𝑎0 + 𝑎1𝑥𝑖 + 𝑎2𝑥𝑖
2 +⋯+ 𝑎𝑛𝑥𝑖

𝑛                             (3.2) 

𝑆 = 𝑦𝑖 − 𝑓(𝑥) = ∑ (𝑦𝑖 − 𝑎0 + 𝑎1𝑥𝑖 + 𝑎2𝑥𝑖
2 +⋯+ 𝑎𝑛𝑥𝑖

𝑛)𝑁
𝑖=1                              (3.3) 

 To minimize errors, the equation (3.4) is obtained. The errors are minimized in every coefficient case. 

𝑑𝑆

𝑑𝑎0
= 0 = ∑ 2(𝑦𝑖 − 𝑎0 + 𝑎1𝑥𝑖 + 𝑎2𝑥𝑖

2 +⋯+ 𝑎𝑛𝑥𝑖
𝑛)(−1)𝑁

𝑖=1

𝑑𝑆

𝑑𝑎1
= 0 = ∑ 2(𝑦𝑖 − 𝑎0 + 𝑎1𝑥𝑖 + 𝑎2𝑥𝑖

2 +⋯+ 𝑎𝑛𝑥𝑖
𝑛)(−𝑥𝑖)

𝑁
𝑖=1

⋮
𝑑𝑆

𝑑𝑎𝑛
= 0 = ∑ 2(𝑦𝑖 − 𝑎0 + 𝑎1𝑥𝑖 + 𝑎2𝑥𝑖

2 +⋯+ 𝑎𝑛𝑥𝑖
𝑛)(−𝑥𝑛)

𝑁
𝑖=1

                      (3.4) 

The equations (3.4) is rewritten by equations (3.5). 

𝑎0𝑁 + 𝑎1∑𝑥𝑖 + 𝑎2∑𝑥𝑖
2 +⋯+ 𝑎𝑛 ∑𝑥𝑖

𝑛 = ∑𝑦𝑖
𝑎0∑𝑥𝑖 + 𝑎1∑𝑥𝑖

2 + 𝑎2∑𝑥𝑖
3 +⋯+ 𝑎𝑛∑𝑥𝑖

𝑛+1 = ∑𝑥𝑖𝑦𝑖
𝑎0∑𝑥𝑖

2 + 𝑎1∑𝑥𝑖
3 + 𝑎2∑𝑥𝑖

4 +⋯+ 𝑎𝑛∑𝑥𝑖
𝑛+2 = ∑𝑥𝑖

2𝑦𝑖
⋮

𝑎0∑𝑥𝑖
𝑛 + 𝑎1∑𝑥𝑖

𝑛+1 + 𝑎2∑𝑥𝑖
𝑛+2 +⋯+ 𝑎𝑛 ∑𝑥𝑖

2𝑛 = ∑𝑥𝑖
𝑛𝑦𝑖

                      (3.5) 

 The equation (3.5) is rewritten by the matrix equation in (3.6). 

[
 
 
 
 
 

𝑁 ∑𝑥𝑖 ∑𝑥𝑖
2

∑𝑥𝑖 ∑𝑥𝑖
2 ∑𝑥𝑖

3

∑𝑥𝑖
2 ∑𝑥𝑖

3 ∑𝑥𝑖
4

⋯

∑𝑥𝑖
𝑛

∑𝑥𝑖
𝑛+1

∑𝑥𝑖
𝑛+2

⋮ ⋱ ⋮
∑𝑥𝑖

𝑛 ∑𝑥𝑖
𝑛+1 ∑𝑥𝑖

𝑛+2 ⋯ ∑𝑥𝑖
2𝑛 ]
 
 
 
 
 

[
 
 
 
 
𝑎0
𝑎1
𝑎2
⋮
𝑎𝑛]
 
 
 
 

=

[
 
 
 
 
∑𝑦𝑖
∑𝑥𝑖𝑦𝑖
∑𝑥𝑖

2𝑦𝑖
⋮

∑ 𝑥𝑖
𝑛𝑦𝑖]
 
 
 
 

                      (3.6) 

In the case that the degree of equation (n) is 1, the analysis becomes the linear regression analysis shown 

in (3.7). The equation (3.7) is the same as the linear regression equation in (2.15). To minimize errors, the matrix 

equation in (3.8) is obtained. The coefficient is calculated by equation (3.9) and (3.10). The equation (3.9) is the 

same as the equation (2.17) and the equation (3.10) is the same as the equation (2.16). 

𝑦 = 𝑎0 + 𝑎1𝑥                                                                   (3.7) 
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Figure 3.2. Concentration calculated by polynomial regression analysis. 

[
𝑁 ∑𝑥𝑖
∑𝑥𝑖 ∑𝑥𝑖

2] [
𝑎0
𝑎1
] = [

∑𝑦𝑖
∑𝑥𝑖𝑦𝑖

]                                                                   (3.8) 

𝑎0 =
∑𝑦𝑖

𝑁
− 𝑎1

∑𝑦𝑖

𝑁
                                                                   (3.9) 

𝑎1 =
∑𝑥𝑖𝑦𝑖−

∑𝑥𝑖𝑦𝑖
𝑁

∑𝑥𝑖
2−

(∑𝑥𝑖)
2

𝑁

                                                                (3.10) 

 Furthermore, the polynomial regression analysis provides more the number of the known data (N) than 

the degree of polynomial equation (n). If the number of known data (N) is equal or lower than the degree of 

polynomial equation (n), the calculated coefficient of the terms that degree is equal or higher than the number 

of the known data are 0. For an example, if the number of the known concentration solution is 2, the coefficient 

of the terms that degree is equal and more than 2 are 0. Therefore, the polynomial regression analysis must 

provide the number of the known data more than 3. Figure 3.2 shows the concentration calculated by the 

polynomial regression analysis from 3 known concentration solution in function of the deviation function. The 

calculated concentration is explained by the 2nd order polynomial function. 

3.1.2. Linear interpolation 
The linear interpolation provides the known concentration data as the boundary points to calculate 

the concentration in the range of the boundary points [51-52]. The calculated concentration is explained by 

the linear function in the range of the boundary points shown in figure 3.3. The calculation of the linear 

interpolation is shown in (3.11). 

𝑐 =
𝑐0(𝐴1−𝐴)+𝑐1(𝐴−𝐴0)

(𝐴1−𝐴0)
                                                                   (3.11) 

When many ranges of the boundary points are connected, the calculated concentration is explained 

by the piecewise linear function shown in (3.12). Figure 3.4 shows the concentration calculated by the linear 

interpolation from 3 known concentration solution in 2 ranges of the boundary points. 
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Figure 3.3. Linear interpolation. 

 

Figure 3.4. Concentration calculated by linear interpolation. 

𝑐(𝐴) =

{
 
 

 
 

𝑐0(𝐴1−𝐴)+𝑐1(𝐴−𝐴0)

(𝐴1−𝐴0)
𝐴0 < 𝐴 < 𝐴1

𝑐1(𝐴2−𝐴)+𝑐2(𝐴−𝐴1)

(𝐴2−𝐴1)
𝐴1 < 𝐴 < 𝐴2

⋮
𝑐𝑛(𝐴𝑛+1−𝐴)+𝑐𝑛+1(𝐴−𝐴𝑛)

(𝐴𝑛+1−𝐴𝑛)
𝐴𝑛+1 < 𝐴 < 𝐴𝑛

                                                 (3.12) 

3.1.3. Comparison of the nonlinear approximation 
Figure 3.5 shows the concentration calculated by the linear interpolation, the 2nd order polynomial 

regression from 3 known concentration solutions and a linear regression analysis. The concentration calculated 

by the nonlinear approximation method is more approximate to the concentration of the deviation of Beer-
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Lambert’s law than the concentration calculated by the linear regression analysis. It shows that the nonlinear 

approximation method can reduce errors from the concentration of solution. 

In the calculation case, the calculation of the polynomial regression analysis must provide the matrix to 

calculate the coefficient in the polynomial function shown in (3.6). Therefore, the calculation of the polynomial 

regression analysis takes more time than the calculation of the linear interpolation that is only linear function in 

equation (3.11). In the pure solution case, the non-linear approximation is only 1 time. However, in the multi-

component case, the calculation of the non-linear approximation requires many rounds to finish. Therefore, the 

calculation of the polynomial regression analysis takes time too much. In real deviation, the deviation of Beer-

Lambert’s law occurs at the high concentration. Therefore, the relationship between the light absorbance and the 

concentration of solution is linear function at the low concentration shown in figure 3.6. The interpolation 

calculates the concentration as the linear function in the range of the boundary points. 

 
Figure 3.5. Comparison of the nonlinear approximation. 

 

Figure 3.6. Comparison of the nonlinear approximation in real deviation case. 
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Thus, the error of the concentration calculated by the linear interpolation is very low. However, the 

polynomial regression analysis calculates the concentration as the polynomial function. As a result, there are 

very major errors at the low concentration. Moreover, the polynomial regression analysis cannot calculate the 

concentration in the 2 known concentration solutions case. Hence, the proposed method provides the linear 

interpolation to calculate the concentration of solution. 

 

3.2. Analysis of the proposed spectrophotometric method in the pure solution 

The novel spectrophotometric method is based on the fuzzy theory. The fuzzy theory is explained in 

this subsection. In classical logic, the truth values of the variable are true (denoted by 1) and false (denoted by 

0) only [64-65]. It looks like the decision of concentration by individual light absorbance. It resembles a good 

calculation. However, in the reality, this method cannot be used because of the unlimited data. Therefore, the 

decision of every data is impossible. Therefore, the fuzzy theory is developed to solve this problem.  

This theory calculates the desire crisp output from the desire crisp input. The desire crisp input is the 

light absorbance (𝐴) and the desire crisp output is concentration (𝑐). The process of the fuzzy theory to calculate 

the concentration of solution is exhibited to figure 3.7 [66]. It provides many truth values and the degree of the 

truth value (𝑊𝑖) to calculate the desire crisp output. The truth values are values of the known concentration 

solutions. In the pure solution, there are the light absorbance of the known concentration solution (𝐴𝑖) and the 

concentration of known concentration solution (𝑐𝑖). The truth value of the light absorbance is utilized to design 

fuzzy set. The membership function in the fuzzy set is degree of the value of the known concentration solution. 

The first step of the fuzzy theory is the fuzzification. The fuzzification decides the degree of each 

function of the known concentration solution (𝑊𝑖) by the light absorbance (A). The degree of each function of 

the known concentration solution (𝑊𝑖) are the input fuzzy value and the linguistic variable which explains the 

situation of the value. After that, the inference converts the linguistic variable which is the function of the light 

absorbance of known concentration solution (𝐴𝑖) to the fuzzy value or crisp value (𝑆𝑖) by if-then rule as the 

output fuzzy value. The if-then rule is designed by the truth value which is the concentration of solution (𝑐𝑖).  
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Figure 3.7. Process of the fuzzy theory to calculate the concentration of solution. 
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If the light absorbance (𝐴) is the known concentration light absorbance (𝐴𝑖 ), the concentration of 

solution (𝑆𝑖) is the known concentration (𝑐𝑖).  

Last, the defuzzification provides the degree of each function (𝑊𝑖) and the crisp value from inference 

process (𝑆𝑖 ) to calculate the concentration of solution (c). The defuzzification of this research utilizes the 

weighted average method or center of gravity [67-71]. The defuzzification equation of weighted average method 

is shown in equation (3.13). 

𝑐 =
∑ 𝑆𝑖𝑊𝑖
𝑘
𝑖=0

∑ 𝑊𝑖
𝑘
𝑖=0

                                                                   (3.13) 

To design the membership function, the calculation of the proposed method is analysed and compared 

with the defuzzification equation in (3.13). The calculation of the proposed method is the linear interpolation. 

The linear interpolation provides the known concentration data as the boundary points to calculate the 

concentration of solution. The coefficient of the known concentration in equation (3.11) is explained by the 

linear function in the range of the boundary points shown in figure 3.8. The degree of the coefficient of the 

known concentration is from 0 to 1. When many ranges of the boundary points are combined, the coefficient of 

the known concentration is explained by the triangle membership function shown in figure 3.9.  

The inference process of the fuzzy theory converts the linguistic value of each function to the crisp value 

(𝑆𝑖) by the known concentration (𝑐𝑖). Therefore, the crisp value (𝑆𝑖) is equal to the known concentration of 

solution (𝑐𝑖). Therefore, the coefficient of the known concentration is provides as the membership function 

following the linear interpolation equation in (3.11). The sum of coefficient of the known concentration of each 

function (∑ 𝑊𝑖
𝑘
𝑖=0 ) is 1. Thus, the denominator of the defuzzification equation is 1 also. The calculation of the 

defuzzification is the same as the calculation of the linear interpolation. The degree of known concentration is 

explained by the triangle membership function same as the coefficient of the known concentration. 

 

 

Figure 3.8. Coefficient of the known concentration. 
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Figure 3.9. Fuzzy set in the case of the pure solution. 

3.3. Analysis of the proposed spectrophotometric method in the multi-component 

solution 

In this sub-section, the exhibition of the proposed spectrophotometric method is performed in 2-

component solution case. From the previous multicomponent spectrophotometric methods, they are categorized 

into 2 main methods. The 1st method provides all molar absorptivity and light absorbance. The 2nd method is the 

elimination of the noise of the disinterest component. The calculation by fuzzy theory is similar to the 

simultaneous equation. 

The calculation of proposed method in the case of the 2-component case is similar to the bilinear 

interpolation. The bilinear interpolation averages the data in the area of the boundary points shown in figure 

3.10. The bilinear interpolation starts to calculate the linear interpolation direction by direction. The bilinear 

interpolation has 2 inputs. Therefore, there are 2 processes. The first process is the linear interpolation in 

direction of one input. The second process is the linear interpolation in direction of another input. For an example, 

in figure 3.10, it starts to calculate the linear interpolation in the x-direction. The data is interpolated at point 

(𝑥, 𝑦0) and (𝑥, 𝑦1). The calculation equations of 2 points are shown in (3.14) and (3.15). 

𝑓(𝑥, 𝑦0) =
𝑥1−𝑥

𝑥1−𝑥0
𝑓(𝑥0, 𝑦0) +

𝑥−𝑥0

𝑥1−𝑥0
𝑓(𝑥1, 𝑦0)                                                      (3.14) 

𝑓(𝑥, 𝑦1) =
𝑥1−𝑥

𝑥1−𝑥0
𝑓(𝑥0, 𝑦1) +

𝑥−𝑥0

𝑥1−𝑥0
𝑓(𝑥1, 𝑦1)                                                      (3.15) 

Next process is the interpolation in y-direction. The linear interpolation in 2nd process provides the data 

at point (𝑥, 𝑦0) and (𝑥, 𝑦1). The data at point (𝑥, 𝑦) is interpolated by equation (3.16). 

𝑓(𝑥, 𝑦) =
𝑦1−𝑦

𝑦1−𝑦0
𝑓(𝑥, 𝑦0) +

𝑦−𝑦0

𝑦1−𝑦0
𝑓(𝑥, 𝑦1)                                                      (3.16) 

The contour graph of the bilinear interpolation in figure 3.11 shows that the direction of the range of the 

boundary points is the same as the direction of the input. However, in the case of the spectrophotometric method, 

the direction of range of the boundary points which is the direction of the component is not the same as the 

direction of the light absorbance shown in figure 3.12. 
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Figure 3.10. Bilinear interpolation. 

 

Figure 3.11. Bilinear interpolation (contour graph). 

 The boundary points are set by the ideal light absorbance of the 1st detector and the 2nd detector in any 

level of the concentration of 2 components in table 3.1 and 3.2. Therefore, one boundary point has 4 variables 

that are light absorbance of 1st detector and 2nd detector and the concentration of the 1st component and 2nd 

component in one solution. 

0.20

0.40

0.60

5

6

7

8

9

10

11

12

13

14

0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70

y

f(
x,

y)

x

5-6 6-7 7-8 8-9 9-10 10-11 11-12 12-13 13-14

𝑓(𝑥0, 𝑦1)

𝑓(𝑥0, 𝑦0)

𝑓(𝑥1, 𝑦1)

𝑓(𝑥1, 𝑦0)

𝑓(𝑥, 𝑦)

𝑥0

𝑥1

𝑦1

𝑦0

𝑓(𝑥, 𝑦0)

𝑓(𝑥, 𝑦1)

𝑦1 − 𝑦0

𝑦1 − 𝑦

𝑦 − 𝑦0

𝑥1 − 𝑥0
𝑥 − 𝑥0

𝑥1 − 𝑥

0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7

y

x

(𝑥0, 𝑦1) (𝑥, 𝑦1) (𝑥1, 𝑦1)

(𝑥0, 𝑦0)

(𝑥, 𝑦)

(𝑥1, 𝑦0)(𝑥, 𝑦0)

(𝑥0, 𝑦) (𝑥1, 𝑦)

𝑦1

𝑦0

𝑥0 𝑥1

Direction of range of boundary points



 
 

49 

 

 

Figure 3.12. Boundary points of the mixture solution (contour graph). 

Table 3.1. Ideal known concentration light absorbance of the 1st detector (𝐴𝑖,𝑗,1𝑠𝑡). 

 y0 y1 y2 y3 y4 y5 

x0 0.00 0.20 0.40 0.60 0.80 1.00 

x1 0.15 0.35 0.55 0.75 0.95 1.15 

x2 0.30 0.50 0.70 0.90 1.10 1.30 

x3 0.45 0.65 0.85 1.05 1.25 1.45 

x4 0.60 0.80 1.00 1.20 1.40 1.60 

x5 0.75 0.95 1.15 1.35 1.55 1.75 

Table 3.2. Ideal known concentration light absorbance of the 2nd detector (𝐴𝑖,𝑗,2𝑛𝑑). 

 y0 y1 y2 y3 y4 y5 

x0 0 0.1 0.2 0.3 0.4 0.5 

x1 0.2 0.3 0.4 0.5 0.6 0.7 

x2 0.4 0.5 0.6 0.7 0.8 0.9 

x3 0.6 0.7 0.8 0.9 1 1.1 

x4 0.8 0.9 1 1.1 1.2 1.3 

x5 1 1.1 1.2 1.3 1.4 1.5 
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  Figure 3.13. Calculation of the additional boundary points (contour graph). 

Input

light absorbance 

of 1st detector 

(A1st)

Fuzzy 

preparation  

process 

Fuzzy 

analysis  

process 

Input

light absorbance of  

2nd detector (A2nd)

Concentration of 

component (cx,cy)

Known concentration 

data (Ai,j,1st,Ai,j,2nd

cx,i,cy,j)

Calculated boundary 

points

(cx,i,cy(A1st,cx,i),A1st 

,A2nd(A1st,cx,i))

 

Figure 3.14. Process of the proposed method in 2-component solution case. 

In the fuzzy theory, the interpolation employs the triangle membership function. Therefore, in the case 

of the bilinear interpolation, the pyramid membership function [72]. However, the interpolation area of the 

mixture solution is the trapezium shape shown that in figure 3.12. It is difficult to calculate degree of the pyramid 

membership function based on trapezium shape. Therefore, the calculation of the concentration of the proposed 

method is separated to 2 processes same as the bilinear interpolation. The membership functions of the 2 

processes are the triangle membership function. As the direction of the component is not the same as the direction 

of the light absorbance, there is an additional calculation of the boundary points in the direction of the one 

concentration by the light absorbance of one detector shown in figure 3.13. After that, the concentrations at each 

addition boundary point are provided to interpolate the concentration of solution in direction of the light 

absorbance of another detector by the light absorbance of another detector. The process of the proposed method 

is shown in figure 3.14. There are fuzzy preparation process and the fuzzy analysis process. The boundary points 

in the function of the concentration of component x are shown in figure 3.15 and the boundary points in the 

function of the concentration of component y are shown in figure 3.16. 
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Figure 3.15. Boundary points in the function of the concentration of component x. 

 

Figure 3.16. Boundary points in the function of the concentration of component y. 
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3.3.1. Fuzzy preparation process 

The fuzzy preparation process interpolates the value of 4 variables at the additional boundary points by 

the value of the variables at boundary points. To calculate the value of the 4 variables, the relationship between 

the 4 variables is analyzed. In general, the light absorbance is calculated by concentration of all solutions. 

The light absorbance of the 1st detector (𝐴1𝑠𝑡) and the 2nd detector (𝐴2𝑛𝑑) is calculated by the concentration 

of component x (𝑐𝑥) and the component y (𝑐𝑦) shown in (3.17) and (3.18), respectively. 

𝐴1𝑠𝑡 = 𝑎𝑥1𝑠𝑡𝑐𝑥 + 𝑎𝑦1𝑠𝑡𝑐𝑦                                                                   (3.17) 

𝐴2𝑛𝑑 = 𝑎𝑥2𝑛𝑑𝑐𝑥 + 𝑎𝑦2𝑛𝑑𝑐𝑦                                                                   (3.18) 

The equation (3.17) and (3.18) are rewritten by (3.19) and (3.20). They show that the concentration of 

component x is proportional to the light absorbance of the 1st detector and the 2nd detector when the concentration 

of the component y is fixed. 

𝑐𝑥 =
𝐴1𝑠𝑡−𝑎𝑦1𝑠𝑡𝑐𝑦

𝑎𝑥1𝑠𝑡
                                                                   (3.19) 

𝑐𝑥 =
𝐴2𝑛𝑑−𝑎𝑦2𝑛𝑑𝑐𝑦

𝑎𝑥2𝑛𝑑
                                                                   (3.20) 

The equation (3.17) and (3.18) are rewritten by (3.21) and (3.22). They show that the concentration of 

component y is proportional to the light absorbance of the 1st detector and the 2nd detector when the concentration 

of the component x is fixed. 

𝑐𝑦 =
𝐴1𝑠𝑡−𝑎𝑥1𝑠𝑡𝑐𝑥

𝑎𝑦1𝑠𝑡
                                                                   (3.21) 

𝑐𝑦 =
𝐴2𝑛𝑑−𝑎𝑥2𝑛𝑑𝑐𝑥

𝑎𝑦2𝑛𝑑
                                                                   (3.22) 

After that, the equation (3.22) is substituted into (3.17). Equation (3.23) is obtained. Furthermore, the 

equation (3.20) is substituted into (3.17). Equation (3.24) is obtained. They show that the light absorbance of the 

1st detector is proportional to the light absorbance of the 2nd detector when the concentrations of the component 

x or component y are fixed. 

𝐴1𝑠𝑡 =
𝑎𝑦1𝑠𝑡
𝑎𝑦2𝑛𝑑

𝐴2𝑛𝑑 −
(𝑎𝑥1𝑠𝑡𝑎𝑦2𝑛𝑑

−𝑎𝑥2𝑛𝑑𝑎𝑦1𝑠𝑡
)

𝑎𝑦2𝑛𝑑
𝑐𝑥                                          (3.23) 

𝐴1𝑠𝑡 =
𝑎𝑥1𝑠𝑡
𝑎𝑥2𝑛𝑑

𝐴2𝑛𝑑 −
(𝑎𝑥1𝑠𝑡𝑎𝑦2𝑛𝑑

−𝑎𝑥2𝑛𝑑𝑎𝑦1𝑠𝑡
)

𝑎𝑥2𝑛𝑑
𝑐𝑦                                         (3.24) 

In other words, the equation (3.21) is substituted into (3.18). Equation (3.25) is obtained. Furthermore, 

the equation (3.19) is substituted into (3.18). Equation (3.26) is obtained. They show that the light absorbance 

of the 2nd detector is proportional to the light absorbance of the 1st detector when the concentrations of the 

component x or component y are fixed. 

𝐴2𝑛𝑑 =
𝑎𝑦2𝑛𝑑
𝑎𝑦1𝑠𝑡

𝐴1𝑠𝑡 +
(𝑎𝑥1𝑠𝑡𝑎𝑦2𝑛𝑑

−𝑎𝑥2𝑛𝑑𝑎𝑦1𝑠𝑡
)

𝑎𝑦1𝑠𝑡
𝑐𝑥                                                 (3.25) 
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𝐴2𝑛𝑑 =
𝑎𝑥2𝑛𝑑
𝑎𝑥1𝑠𝑡

𝐴1𝑠𝑡 +
(𝑎𝑥1𝑠𝑡𝑎𝑦2𝑛𝑑

−𝑎𝑥2𝑛𝑑𝑎𝑦1𝑠𝑡
)

𝑎𝑥1𝑠𝑡
𝑐𝑦                                        (3.26) 

For above equations, they show that all variables of one boundary point can be calculated by one 

light absorbance and fixing of concentration of one concentration. Therefore, the additional boundary points 

are interpolated by one light absorbance in direction of one solution. 𝐴1𝑠𝑡,𝑖,𝑗 is the light absorbance of the 1st 

concentration when the concentration of component x is i and the concentration of component y is j. 𝐴2𝑛𝑑,𝑖,𝑗 is 

the light absorbance of the 2nd concentration when the concentration of component x is i and the concentration 

of component y is j. 

For an example, the calculation starts in the direction of the component x by the light absorbance of 1st 

detector. The additional boundary points are calculated at (𝐴1𝑠𝑡 , 𝑐𝑥,1) and (𝐴1𝑠𝑡, 𝑐𝑥,2). The light absorbance of 

the 2nd detector at the additional boundary points are calculated by the equation (3.27) and (3.28) shown in figure 

3.13. 

𝐴2𝑛𝑑(𝐴1𝑠𝑡 , 𝑐𝑥,1) =
(𝐴1𝑠𝑡,1,2−𝐴1𝑠𝑡)𝐴2𝑛𝑑,1,2

(𝐴1𝑠𝑡,1,2−𝐴1𝑠𝑡,1,1)
+
(𝐴1𝑠𝑡−𝐴1𝑠𝑡,1,1)𝐴2𝑛𝑑,1,1

(𝐴1𝑠𝑡,1,2−𝐴1𝑠𝑡,1,1)
                   (3.27) 

𝐴2𝑛𝑑(𝐴1𝑠𝑡 , 𝑐𝑥,2) =
(𝐴1𝑠𝑡,2,1−𝐴1𝑠𝑡)𝐴2𝑛𝑑,2,1

(𝐴1𝑠𝑡,2,1−𝐴1𝑠𝑡,2,0)
+
(𝐴1𝑠𝑡−𝐴1𝑠𝑡,2,0)𝐴2𝑛𝑑,2,1

(𝐴1𝑠𝑡,2,1−𝐴1𝑠𝑡,2,0)
                          (3.28) 

As the calculation in the direction of the component x, the concentration of the component x is fixed in 

any level shown in figure 3.17. The concentration of the component x at the additional boundary points is shown 

in (3.29) and (3.30). 

 

Figure 3.17. Calculation of the concentration of component x at additional boundary points. 
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Figure 3.18. Calculation of the concentration of component y at additional boundary points. 

𝑐𝑥(𝐴1𝑠𝑡, 𝑐𝑥,1) = 𝑐𝑥,1                                                 (3.29) 

𝑐𝑥(𝐴1𝑠𝑡, 𝑐𝑥,2) = 𝑐𝑥,2                                                  (3.30) 

The calculation of concentration the component y at additional boundary points is shown in figure 

3.18. The concentration of the component y at the additional boundary points is calculated by (3.31) and 

(3.32). 

𝑐𝑦(𝐴1𝑠𝑡, 𝑐𝑥,1) =
(𝐴1𝑠𝑡,1,2−𝐴1𝑠𝑡)𝑐𝑦,1

(𝐴1𝑠𝑡,1,2−𝐴1𝑠𝑡,1,1)
+
(𝐴1𝑠𝑡−𝐴1𝑠𝑡,1,1)𝑐𝑦,2

(𝐴1𝑠𝑡,1,2−𝐴1𝑠𝑡,1,1)
                                                (3.31) 

𝑐𝑦(𝐴1𝑠𝑡, 𝑐𝑥,2) =
(𝐴1𝑠𝑡,2,1−𝐴1𝑠𝑡)𝑐𝑦,0

(𝐴1𝑠𝑡,2,1−𝐴1𝑠𝑡,2,0)
+
(𝐴1𝑠𝑡−𝐴1𝑠𝑡,2,0)𝑐𝑦,1

(𝐴1𝑠𝑡,1,1−𝐴1𝑠𝑡,2,0)
                                                 (3.32) 

The flow of the fuzzy preparation process is shown in figure 3.19. It is same as the pure solution 

case. The known concentration light absorbance of the 1st detector is provided to design the fuzzy set shown 

in figure 3.20 that the interpolation is in direction of the concentration is fixed at 1 of component x. The 

fuzzification process provides the light absorbance of the 1st detector to decide the degree of each function 

(𝑊𝑖,𝑗,1𝑠𝑡). The ordinary subscript of the degree is the order of process. The 1st subscript is the preparation process. 

i and j are concentration of component x and component y, respectively. After that, the inference converts the 

linguistic variable which is the function of the known concentration light absorbance of 1st detector (𝐴1𝑠𝑡,𝑖,𝑗) 

to the fuzzy value or crisp value that there are crisp value (𝑆2𝑛𝑑,𝑖,𝑗 ) from the light absorbance of known 

concentration the 2nd detector (𝑆2𝑛𝑑,𝑖,𝑗) and crisp value (𝑆𝑦,𝑗) from the known concentration of component y by 

if-then rule. 
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If the light absorbance of the 1st detector (𝐴1𝑠𝑡) is the known concentration light absorbance of the 1st detector 

(𝐴1𝑠𝑡,𝑖,𝑗), the light absorbance of the 2nd detector at boundary points (𝑖, 𝑗) (𝑆2𝑛𝑑,𝑖,𝑗) is the light absorbance of 

known concentration of the 2nd detector (𝐴2𝑛𝑑,𝑖,𝑗) and the concentration of component y at boundary points (𝑖, 𝑗) 

(𝑆𝑦,𝑗) is the known concentration of the component y (𝑐𝑦,𝑗). 

The last process of the fuzzy preparation process is the defuzzification. The defuzzification provides the 

degree of each function (𝑊𝑖,𝑗,1𝑠𝑡) and the crisp value from inference process which there are the light absorbance 

of the 2nd detector (𝑆2𝑛𝑑,𝑖,𝑗) and the concentration of component y (𝑆𝑦,𝑗) at boundary points (𝑖, 𝑗). The calculation 

of the concentration of the component y and the light absorbance of the 2nd detector at additional boundary points 

(𝐴1𝑠𝑡 , 𝑐𝑥,𝑖) are shown in (3.33) and (3.34), respectively. 

Input light 

absorbance of the 1st 

detector  (A1st) 
Fuzzification

Wi,j,1st

Defuzzification

Value of variables at the additional 

boundary points
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Design of the 

fuzzy set

Known concentration light 

absorbance of the 1st detector 
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Inference

Known concentratin light 

absorbance of the 2nd detector 
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boundary points
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 Sy,j

 

Figure 3.19. Flow of the fuzzy preparation process. 

 

 

Figure 3.20. Fuzzy set of the fuzzy preparation process. 
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𝑐𝑦(𝐴1𝑠𝑡, 𝑐𝑥,𝑖) =
∑ 𝑆𝑦,𝑗𝑊𝑖,𝑗,1𝑠𝑡⁡
𝑘
𝑗=0

∑ 𝑊𝑖,𝑗,1𝑠𝑡⁡
𝑘
𝑗=0

                                               (3.33) 

𝐴2𝑛𝑑(𝐴1𝑠𝑡 , 𝑐𝑥,𝑖) =
∑ 𝑆2𝑛𝑑,𝑖,𝑗𝑊𝑖,𝑗,1𝑠𝑡⁡
𝑘
𝑗=0

∑ 𝑊𝑖,𝑗,1𝑠𝑡⁡
𝑘
𝑗=0

                                               (3.34) 

Figure 3.21 shows the additional boundary points calculated in the contour graph by the fuzzy 

preparation method that the calculation is in the direction of component x by the light absorbance of the 1st 

detector. Table 3.3 shows values of the 4 variables in the additional boundary points in the figure 3.21. It shows 

that when the light absorbance of the 2nd detector increases, the concentration of component x increases and the 

concentration of component y reduces. 

 

Figure 3.21. Additional boundary points calculated by the fuzzy preparation process (contour graph). 

 

Table 3.3. Value of the variables in additional boundary points. 

Boundary point 𝑨𝟏𝒔𝒕 𝒄𝒚(𝑨𝟏𝒔𝒕, 𝒄𝒙,𝒊) 𝒄𝒙,𝒊 𝑨𝟐𝒏𝒅(𝑨𝟏𝒔𝒕, 𝒄𝒙,𝒊) 

(𝐴1𝑠𝑡, 𝑐𝑥,0) 1 0.5 0 5 

(𝐴1𝑠𝑡, 𝑐𝑥,1) 1 0.625 1 4..25 

(𝐴1𝑠𝑡, 𝑐𝑥,2) 1 0.75 2 3.5 

(𝐴1𝑠𝑡, 𝑐𝑥,3) 1 0.875 3 2.75 

(𝐴1𝑠𝑡, 𝑐𝑥,4) 1 1 4 2 

(𝐴1𝑠𝑡, 𝑐𝑥,5) 1 1.125 5 1.25 
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3.3.2. Fuzzy analysis process 

The last process of the proposed method is the fuzzy analysis process. This process interpolates the 

concentration of component x and component y in the range of the additional boundary points from the fuzzy 

preparation process by another inputs. After the fuzzy preparation process in figure 3.14, 3.17 and 3.18, the 

linear interpolation is performed in direction of the light absorbance of the 2nd detector by the light absorbance 

of the 2nd detector. The direction of the range of additional boundary points is the same as the direction of the 

input. The calculation of the component x is shown in figure 3.22 and the calculation of the component y is 

shown in figure 3.23. The concentration of component x and component y are calculated by (3.35) and (3.36), 

respectively. 

𝑐𝑥(𝐴1𝑠𝑡, 𝐴2𝑛𝑑) =
(𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,2)−𝐴2𝑛𝑑)𝑐𝑥,1

(𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,2)−𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,1))
+

(𝐴2𝑛𝑑−𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,1))𝑐𝑥,2

(𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,2)−𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,1))
           (3.35) 

𝑐𝑦(𝐴1𝑠𝑡, 𝐴2𝑛𝑑) =
(𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,2)−𝐴2𝑛𝑑)𝑐𝑦(𝐴1𝑠𝑡,𝑐𝑥,1)

(𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,2)−𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,1))
+
(𝐴2𝑛𝑑−𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,1))𝑐𝑦(𝐴1𝑠𝑡,𝑐𝑥,2)

(𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,2)−𝐴2𝑛𝑑(𝐴1𝑠𝑡,𝑐𝑥,1))
           (3.36) 

 

 

 

Figure 3.22. Calculation of the concentration of component x. 
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Figure 3.23. Calculation of the concentration of component y. 

The flow of the fuzzy analysis process is shown in figure 3.24. The light absorbance of the 2nd detector 

at the additional boundary points is provided to design the fuzzy set shown in 3.25. The fuzzification decides the 

degree of each function (𝑊𝑗,2𝑛𝑑) by the light absorbance of the 2nd detector (𝐴2𝑛𝑑). The 2nd subscript is the 

analysis process. After that, the inference process converts the linguistic variable which is the function of the 

light absorbance of 2nd detector at the additional boundary points (𝐴2𝑛𝑑(𝐴1𝑠𝑡, 𝑐𝑥,𝑖)) to the fuzzy value or crisp 

value that there are crisp value (𝑆𝑥,𝑖) from the concentration of component x at additional boundary points (𝑐𝑥,𝑖) 

and crisp value (𝑆𝑦,𝑖) from the concentration of component y at additional boundary points (𝑐𝑦(𝐴1𝑠𝑡, 𝑐𝑥,𝑖)) by 

if-then rule. 

If the light absorbance of the 2nd detector (𝐴2𝑛𝑑) is the light absorbance of the 2nd detector at the additional 

boundary points (𝐴2𝑛𝑑(𝐴1𝑠𝑡, 𝑐𝑥,𝑖)), then the concentration of the component x (𝑆𝑥,𝑖) is the concentration of the 

component x at additional boundary points (𝑐𝑥,𝑖) and the concentration of component y (𝑆𝑦,𝑖) is the concentration 

of the component y at additional boundary points (𝑐𝑦(𝐴1𝑠𝑡, 𝑐𝑥,𝑖)). 
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Figure 3.24. Flow of the fuzzy analysis process. 

 

 

Figure 3.25. Fuzzy set of the fuzzy analysis process. 

The last process of the fuzzy analysis process is the defuzzification. The defuzzification provides the 

degree of each function (𝑊𝑖,2𝑛𝑑) and the crisp value from inference process which there are the concentration 

of the component x (𝑆𝑥,𝑖) and the concentration of component y (𝑆𝑦,𝑖) at additional boundary points (𝐴1𝑠𝑡 , 𝑐𝑥,𝑖). 

The calculation of the concentration of the component x and the component y is shown in (3.37) and (3.38), 

respectively. 
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𝑐𝑥(𝐴1𝑠𝑡, 𝐴2𝑛𝑑) =
∑ 𝑆𝑥,𝑖𝑊𝑖,2𝑛𝑑⁡
𝑘
𝑖=0

∑ 𝑊𝑖,2𝑛𝑑⁡
𝑘
𝑖=0

                                               (3.37) 

𝑐𝑦(𝐴1𝑠𝑡, 𝐴2𝑛𝑑) =
∑ 𝑆𝑦,𝑖𝑊𝑖,2𝑛𝑑⁡
𝑘
𝑖=0

∑ 𝑊𝑖,2𝑛𝑑⁡
𝑘
𝑖=0

                                               (3.38) 

3.4. Design of the fuzzy set 

To interpolate the concentration in the range of the boundary points, the membership function is the 

triangle membership function. In the ideal case, the number and the position of boundary points do not affect the 

result. However, in the case of the deviation of Beer-Lambert law, the number and the position of the boundary 

points affect the reduction of the error. This sub-section simulates the concentration calculation by the increase 

of boundary points and the movement of the position of boundary points. Figure 3.26 is the light absorbance 

which is the positive deviation of Beer-Lambert’s law.  

The 1st simulation is the increase of the boundary points without the movement of the boundary point 

position shown in figure 3.27. It shown that the calculated function is approximate to the function of the deviation 

of Beer-Lambert’s law without receding from the deviation of Beer-Lambert’s law in every light absorbance. 

Table 3.4 shows the average error of the concentration of solution calculated by proposed method of figure 3.27. 

When the number of the boundary points increase without the movement of the position, the average error of 

concentration reduces. 

 

 

Figure 3.26. Example input light absorbance. 
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Figure 3.27. Simulation of the increase of the boundary points without movement of position. 

Table 3.4. Average error of concentration (increase of boundary points). 

Number of boundary points Average error 

2 1.761 

3 0.253 

5 0.065 

 

Table 3.5. Position of the boundary points in the 2nd simulation. 

 𝒄𝟎 𝒄𝟏 𝒄𝟐 𝒄𝟑 

1st case 0 3.3 6.6 10 

2nd case 0 5 7.5 10 

3rd case 0 2.5 5 10 

 

Table 3.6. Average error of concentration (change of the position of boundary points). 

 Average Error 

1st case 0.191 

2nd case 0.065 

3rd case 0.252 
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The 2nd simulation is the movement of the boundary point position shown in figure 3.28. The simulation 

has 3 cases. In 1st case, the boundary points are set by each range of boundary points is equal in direction of 

concentration. In 2nd case, many boundary points are set in the error area. In 3rd case, many boundary points are 

set at none error area. The position of the boundary points is shown in table 3.5. Table 3.6 shows that the average 

error of the concentration of 3 cases. It shows that the average error of 2nd case is the least. Therefore, the 

boundary points should be set in the error area. In 3rd case, the point that the error increases from none error is 

in the range of boundary points. The number of error in that range is more than other cases. Therefore, the 

boundary points should be set at the point is the differential of the error is changed from 0 to positive or negative. 

However, in the experiment, the deviation area is not known. Therefore, the best method to reduce the 

error is the increase of number of the boundary points. 

 

 

Figure 3.28. Simulation of the movement of the boundary point positions without change of the number of 

boundary points. 
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Table 4.1. Calculated concentration of the 1st component. 

1st 

2nd  
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 

0 0 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2 8 8.8 9.6 10.4 11.2 12 12.8 13.6 14.4 15.2 16 

0.1 -0.4 0.4 1.2 2 2.8 3.6 4.4 5.2 6 6.8 7.6 8.4 9.2 10 10.8 11.6 12.4 13.2 14 14.8 15.6 

0.2 -0.8 0 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2 8 8.8 9.6 10.4 11.2 12 12.8 13.6 14.4 15.2 

0.3 -1.2 -0.4 0.4 1.2 2 2.8 3.6 4.4 5.2 6 6.8 7.6 8.4 9.2 10 10.8 11.6 12.4 13.2 14 14.8 

0.4 -1.6 -0.8 0 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2 8 8.8 9.6 10.4 11.2 12 12.8 13.6 14.4 

0.5 -2 -1.2 -0.4 0.4 1.2 2 2.8 3.6 4.4 5.2 6 6.8 7.6 8.4 9.2 10 10.8 11.6 12.4 13.2 14 

0.6 -2.4 -1.6 -0.8 0 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2 8 8.8 9.6 10.4 11.2 12 12.8 13.6 

0.7 -2.8 -2 -1.2 -0.4 0.4 1.2 2 2.8 3.6 4.4 5.2 6 6.8 7.6 8.4 9.2 10 10.8 11.6 12.4 13.2 

0.8 -3.2 -2.4 -1.6 -0.8 0 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2 8 8.8 9.6 10.4 11.2 12 12.8 

0.9 -3.6 -2.8 -2 -1.2 -0.4 0.4 1.2 2 2.8 3.6 4.4 5.2 6 6.8 7.6 8.4 9.2 10 10.8 11.6 12.4 

1 -4 -3.2 -2.4 -1.6 -0.8 0 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2 8 8.8 9.6 10.4 11.2 12 

1.1 -4.4 -3.6 -2.8 -2 -1.2 -0.4 0.4 1.2 2 2.8 3.6 4.4 5.2 6 6.8 7.6 8.4 9.2 10 10.8 11.6 

1.2 -4.8 -4 -3.2 -2.4 -1.6 -0.8 0 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2 8 8.8 9.6 10.4 11.2 

1.3 -5.2 -4.4 -3.6 -2.8 -2 -1.2 -0.4 0.4 1.2 2 2.8 3.6 4.4 5.2 6 6.8 7.6 8.4 9.2 10 10.8 

1.4 -5.6 -4.8 -4 -3.2 -2.4 -1.6 -0.8 0 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2 8 8.8 9.6 10.4 

1.5 -6 -5.2 -4.4 -3.6 -2.8 -2 -1.2 -0.4 0.4 1.2 2 2.8 3.6 4.4 5.2 6 6.8 7.6 8.4 9.2 10 

1.6 -6.4 -5.6 -4.8 -4 -3.2 -2.4 -1.6 -0.8 0 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2 8 8.8 9.6 

1.7 -6.8 -6 -5.2 -4.4 -3.6 -2.8 -2 -1.2 -0.4 0.4 1.2 2 2.8 3.6 4.4 5.2 6 6.8 7.6 8.4 9.2 

1.8 -7.2 -6.4 -5.6 -4.8 -4 -3.2 -2.4 -1.6 -0.8 0 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2 8 8.8 

1.9 -7.6 -6.8 -6 -5.2 -4.4 -3.6 -2.8 -2 -1.2 -0.4 0.4 1.2 2 2.8 3.6 4.4 5.2 6 6.8 7.6 8.4 

2 -8 -7.2 -6.4 -5.6 -4.8 -4 -3.2 -2.4 -1.6 -0.8 0 0.8 1.6 2.4 3.2 4 4.8 5.6 6.4 7.2 8 
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Table 4.2. Calculated concentration of the 2nd component. 

1st 

2nd 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 

0 0 -0.6 -1.2 -1.8 -2.4 -3 -3.6 -4.2 -4.8 -5.4 -6 -6.6 -7.2 -7.8 -8.4 -9 -9.6 -10.2 -10.8 -11.4 -12 

0.1 0.8 0.2 -0.4 -1 -1.6 -2.2 -2.8 -3.4 -4 -4.6 -5.2 -5.8 -6.4 -7 -7.6 -8.2 -8.8 -9.4 -10 -10.6 -11.2 

0.2 1.6 1 0.4 -0.2 -0.8 -1.4 -2 -2.6 -3.2 -3.8 -4.4 -5 -5.6 -6.2 -6.8 -7.4 -8 -8.6 -9.2 -9.8 -10.4 

0.3 2.4 1.8 1.2 0.6 0 -0.6 -1.2 -1.8 -2.4 -3 -3.6 -4.2 -4.8 -5.4 -6 -6.6 -7.2 -7.8 -8.4 -9 -9.6 

0.4 3.2 2.6 2 1.4 0.8 0.2 -0.4 -1 -1.6 -2.2 -2.8 -3.4 -4 -4.6 -5.2 -5.8 -6.4 -7 -7.6 -8.2 -8.8 

0.5 4 3.4 2.8 2.2 1.6 1 0.4 -0.2 -0.8 -1.4 -2 -2.6 -3.2 -3.8 -4.4 -5 -5.6 -6.2 -6.8 -7.4 -8 

0.6 4.8 4.2 3.6 3 2.4 1.8 1.2 0.6 0 -0.6 -1.2 -1.8 -2.4 -3 -3.6 -4.2 -4.8 -5.4 -6 -6.6 -7.2 

0.7 5.6 5 4.4 3.8 3.2 2.6 2 1.4 0.8 0.2 -0.4 -1 -1.6 -2.2 -2.8 -3.4 -4 -4.6 -5.2 -5.8 -6.4 

0.8 6.4 5.8 5.2 4.6 4 3.4 2.8 2.2 1.6 1 0.4 -0.2 -0.8 -1.4 -2 -2.6 -3.2 -3.8 -4.4 -5 -5.6 

0.9 7.2 6.6 6 5.4 4.8 4.2 3.6 3 2.4 1.8 1.2 0.6 0 -0.6 -1.2 -1.8 -2.4 -3 -3.6 -4.2 -4.8 

1 8 7.4 6.8 6.2 5.6 5 4.4 3.8 3.2 2.6 2 1.4 0.8 0.2 -0.4 -1 -1.6 -2.2 -2.8 -3.4 -4 

1.1 8.8 8.2 7.6 7 6.4 5.8 5.2 4.6 4 3.4 2.8 2.2 1.6 1 0.4 -0.2 -0.8 -1.4 -2 -2.6 -3.2 

1.2 9.6 9 8.4 7.8 7.2 6.6 6 5.4 4.8 4.2 3.6 3 2.4 1.8 1.2 0.6 0 -0.6 -1.2 -1.8 -2.4 

1.3 10.4 9.8 9.2 8.6 8 7.4 6.8 6.2 5.6 5 4.4 3.8 3.2 2.6 2 1.4 0.8 0.2 -0.4 -1 -1.6 

1.4 11.2 10.6 10 9.4 8.8 8.2 7.6 7 6.4 5.8 5.2 4.6 4 3.4 2.8 2.2 1.6 1 0.4 -0.2 -0.8 

1.5 12 11.4 10.8 10.2 9.6 9 8.4 7.8 7.2 6.6 6 5.4 4.8 4.2 3.6 3 2.4 1.8 1.2 0.6 0 

1.6 12.8 12.2 11.6 11 10.4 9.8 9.2 8.6 8 7.4 6.8 6.2 5.6 5 4.4 3.8 3.2 2.6 2 1.4 0.8 

1.7 13.6 13 12.4 11.8 11.2 10.6 10 9.4 8.8 8.2 7.6 7 6.4 5.8 5.2 4.6 4 3.4 2.8 2.2 1.6 

1.8 14.4 13.8 13.2 12.6 12 11.4 10.8 10.2 9.6 9 8.4 7.8 7.2 6.6 6 5.4 4.8 4.2 3.6 3 2.4 

1.9 15.2 14.6 14 13.4 12.8 12.2 11.6 11 10.4 9.8 9.2 8.6 8 7.4 6.8 6.2 5.6 5 4.4 3.8 3.2 

2 16 15.4 14.8 14.2 13.6 13 12.4 11.8 11.2 10.6 10 9.4 8.8 8.2 7.6 7 6.4 5.8 5.2 4.6 4 

6
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Figure 4.1. Possible concentration case which the concentration of the component is not minus (𝑐𝑥 , 𝑐𝑦) (contour graph). 
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4. Comparison of spectrophotometric method between the 

proposed method and the previous method 

This section simulates the calculation of spectrophotometric method between the previous method and 

the proposed method. Then, the result of the proposed method is compared with the results of the previous 

method in the ideal case and the deviation of Beer-Lambert’s law case. The compared previous methods are the 

simultaneous equation and the absorbance ratio method because these 2 methods can be used in all 

spectrophotometers and all cases of the wavelength and solution. In the ideal case, the ideal light absorbances of 

the 1st detector and the 2nd detector in table 3.1 and 3.2 are provided to calculate the concentration of solution. 

The concentrations of the components by every method are equal in the ideal case. The simulation result of the 

1st component and the 2nd component are shown in table 4.1 and 4.2, respectively. The surface graph of the 

concentration of the component x and component y are shown in figure 3.15 and 3.16, respectively. The 

simulation result is calculated by the light absorbance from 0 to 2. Therefore, there is the impossible case of the 

solution which the concentration of the component is lesser than 0. Figure 4.1 exhibits the possible concentration 

case which the concentration of the component is not minus (𝑐𝑥 , 𝑐𝑦). The upper line is the concentration of the 

component x is 0. The below line is the concentration of the component y is 0. Therefore, the ideal case cannot 

be compared. We compare the result in the deviation of Beer-Lambert’s law case. 

4.1. Comparison in the case of the pure solution 

In this subsection, the proposed method is compared with the concentration calculation by linear 

regression analysis in the case of the pure solution. The simulation provides the light absorbance of the 

deviation of Beer-Lambert’s law in the figure 3.1. 

Figure 4.2 shown the concentration function calculated by linear regression analysis. When the 

number of the known concentration data which are utilized to calculate the linear regression analysis 

increase, all concentrations are reduced to make the average concentration approximating to the ideal 

concentration. Table 4.3 shows the average error of concentration between the calculated concentration and 

the concentration of the deviation of Beer-Lambert’s law (Ideal concentration). The average error is reduced 

when the number of the known concentration solution increases. However, when some concentration is 

approximate to the ideal concentration, some concentration is fairly different from the ideal concentration. 

Figure 4.3 displays the concentration function calculated by the proposed method. The number of the known 

concentration solution are same as the concentration function calculated by linear regression analysis. 

However, the concentration functions calculated by the proposed method are closely approximate to the ideal 

concentration which is function of the deviation of Beer-Lambert’s law in every increase of the known 

concentration data. 

Table 4.3. Average error of concentration of each method. 

Number of the known concentration solutions Linear regression Proposed method 

2 1.811 1.811 

3 1.139 0.475 

4 0.947 0.212 

5 0.863 0.122 

6 0.817 0.078 
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Figure 4.2. Function calculated by linear regression analysis. 

 

Figure 4.3. Function calculated by the proposed method. 
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Figure 4.4. Comparison of average error by linear regression analysis and the proposed method. 

 Furthermore, the reduction of the average error by the proposed method is higher than the reduction of 

the average error shown in figure 4.4. In the case of 2 known concentration solutions, the average error of 

concentration between previous method and the proposed method are similar. However, when the number of the 

known concentration solution are more than 3, the average error of concentration by the proposed method is 

lesser than the average error of concentration by the previous method. The average error is reduced about 58.3% 

in the case of the 3 known concentration solutions by the proposed method. The reduction is higher to 77.5%, 

86% and 90.4% when the number of the known concentration solutions increase to 4, 5 and 6, respectively. In 

addition, the concentration function calculated by the proposed method is approximate to the ideal concentration 

without receding from the ideal concentration in every light absorbance when the boundary points are increased 

without the movement of the position. This approximation is observed in the case of the 2, 3 and 5 boundary 

points in figure 4.3. 

4.2. Comparison in the case of the multicomponent solution 

In this sub-section, the calculation of the concentration of the component in the 2-component solution 

between the proposed method and the previous method is compared in the case of the deviation of Beer-

Lambert’s law. The simulation provides the light absorbance of the pure solution of component x and y in figure 

4.5 and 4.6 which is the light absorbance of the 1st detector and the 2nd detector, respectively. The light 

absorbance of the 1st detector is the deviation of Beer-Lambert’s law light absorbance. The light absorbance of 

the 2nd detector is the ideal light absorbance. The light absorbance of the mixture solution in and level 

concentration of component of the 1st detector and the 2nd detector are provided as input shown in table 4.4 and 

4.5, respectively. 

The calculated average concentrations of the component x and y by the simultaneous equation method 

are shown in figure 4.7 and 4.8, respectively. Although the number of the known concentration solutions 

increase, the calculated concentrations do not change much. The average data reduces only a little bit. The 

calculated concentration by the 2 and 3 known concentration solutions per one component is equal because the 

molar absorptivity calculated from the known concentration data by linear regression analysis is the same. The 
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calculated average concentrations of the component x and y by the absorbance ratio method are shown in figure 

4.9 and 4.10, respectively. The calculated concentration is approximate to the calculated concentration by the 

simultaneous equation method because the standard solution provides the molar absorptivity. Although the 

number of the known concentration solution increase, the calculated concentrations do not change the same 

amount as to the simultaneous equation method. The average data reduces only a little bit. The calculated 

concentration by the 2 and 3 known concentration solution per one component is equal same as the simultaneous 

equation method. The calculated average concentrations of the component x and y by the proposed method are 

shown in figure 4.11 and 4.12, respectively. The calculated average concentrations by 2 known concentration 

solutions and the proposed method are the same as the calculated average concentrations by 2 known 

concentration solutions and the previous method. However, when the number of the known concentration 

solution increase, the concentrations are much more approximate to the ideal concentration. 

 

Figure 4.5. Light absorbance of the 1st detector. 

 

Figure 4.6. Light absorbance of the 2nd detector. 
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Table 4.4. Light absorbance of the 1st detector (𝐴1𝑠𝑡).  

𝒄𝒚 

𝒄𝒙 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 

0 0.000 0.040 0.080 0.121 0.163 0.205 0.248 0.291 0.336 0.382 0.429 0.477 0.527 0.578 0.631 0.686 0.743 0.803 0.866 0.932 1.001 

0.1 0.088 0.128 0.169 0.209 0.251 0.293 0.336 0.380 0.424 0.470 0.517 0.565 0.615 0.666 0.719 0.774 0.832 0.892 0.954 1.020 1.089 

0.2 0.175 0.215 0.256 0.296 0.338 0.380 0.423 0.467 0.511 0.557 0.604 0.652 0.702 0.753 0.806 0.861 0.919 0.979 1.041 1.107 1.176 

0.3 0.261 0.301 0.341 0.382 0.423 0.466 0.509 0.552 0.597 0.643 0.690 0.738 0.787 0.839 0.892 0.947 1.004 1.064 1.127 1.193 1.262 

0.4 0.345 0.385 0.425 0.466 0.507 0.549 0.592 0.636 0.681 0.727 0.773 0.822 0.871 0.923 0.976 1.031 1.088 1.148 1.211 1.276 1.346 

0.5 0.427 0.467 0.507 0.548 0.589 0.631 0.674 0.718 0.763 0.809 0.855 0.904 0.953 1.004 1.058 1.113 1.170 1.230 1.292 1.358 1.428 

0.6 0.507 0.546 0.587 0.628 0.669 0.711 0.754 0.798 0.843 0.888 0.935 0.983 1.033 1.084 1.137 1.192 1.250 1.310 1.372 1.438 1.507 

0.7 0.584 0.624 0.664 0.705 0.747 0.789 0.832 0.875 0.920 0.966 1.013 1.061 1.111 1.162 1.215 1.270 1.327 1.387 1.450 1.516 1.585 

0.8 0.659 0.699 0.739 0.780 0.822 0.864 0.907 0.950 0.995 1.041 1.088 1.136 1.185 1.237 1.290 1.345 1.402 1.462 1.525 1.591 1.660 

0.9 0.731 0.771 0.811 0.852 0.893 0.936 0.979 1.022 1.067 1.113 1.160 1.208 1.257 1.309 1.362 1.417 1.474 1.534 1.597 1.662 1.732 

1 0.800 0.839 0.880 0.921 0.962 1.004 1.047 1.091 1.136 1.181 1.228 1.276 1.326 1.377 1.430 1.486 1.543 1.603 1.665 1.731 1.800 

1.1 0.865 0.905 0.945 0.986 1.027 1.069 1.112 1.156 1.201 1.246 1.293 1.342 1.391 1.442 1.496 1.551 1.608 1.668 1.730 1.796 1.866 

1.2 0.926 0.966 1.006 1.047 1.088 1.130 1.173 1.217 1.262 1.307 1.354 1.403 1.452 1.503 1.557 1.612 1.669 1.729 1.791 1.857 1.927 

1.3 0.982 1.022 1.062 1.103 1.145 1.187 1.230 1.274 1.318 1.364 1.411 1.459 1.509 1.560 1.613 1.668 1.725 1.785 1.848 1.914 1.983 

1.4 1.034 1.073 1.114 1.155 1.196 1.238 1.281 1.325 1.370 1.415 1.462 1.510 1.560 1.611 1.664 1.720 1.777 1.837 1.899 1.965 2.034 

1.5 1.079 1.119 1.160 1.200 1.242 1.284 1.327 1.371 1.415 1.461 1.508 1.556 1.606 1.657 1.710 1.765 1.823 1.882 1.945 2.011 2.080 

1.6 1.119 1.159 1.199 1.240 1.281 1.324 1.366 1.410 1.455 1.501 1.547 1.596 1.645 1.697 1.750 1.805 1.862 1.922 1.985 2.050 2.120 

1.7 1.151 1.191 1.231 1.272 1.314 1.356 1.399 1.443 1.487 1.533 1.580 1.628 1.678 1.729 1.782 1.837 1.894 1.954 2.017 2.083 2.152 

1.8 1.176 1.216 1.256 1.297 1.338 1.380 1.423 1.467 1.512 1.558 1.604 1.653 1.702 1.754 1.807 1.862 1.919 1.979 2.042 2.107 2.177 

1.9 1.192 1.231 1.272 1.313 1.354 1.396 1.439 1.483 1.528 1.573 1.620 1.668 1.718 1.769 1.822 1.877 1.935 1.995 2.057 2.123 2.192 

2 1.197 1.237 1.278 1.319 1.360 1.402 1.445 1.489 1.534 1.579 1.626 1.674 1.724 1.775 1.828 1.883 1.941 2.001 2.063 2.129 2.198 
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Table 4.5. Light absorbance of the 2nd detector (𝐴2𝑛𝑑).  

𝒄𝒚 

𝒄𝒙 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 

0 0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 

0.1 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 

0.2 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 

0.3 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5 0.52 

0.4 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56 

0.5 0.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58 0.6 

0.6 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64 

0.7 0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64 0.66 0.68 

0.8 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64 0.66 0.68 0.7 0.72 

0.9 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64 0.66 0.68 0.7 0.72 0.74 0.76 

1 0.4 0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64 0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 

1.1 0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64 0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82 0.84 

1.2 0.48 0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64 0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82 0.84 0.86 0.88 

1.3 0.52 0.54 0.56 0.58 0.6 0.62 0.64 0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82 0.84 0.86 0.88 0.9 0.92 

1.4 0.56 0.58 0.6 0.62 0.64 0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96 

1.5 0.6 0.62 0.64 0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96 0.98 1 

1.6 0.64 0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 

1.7 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 1.06 1.08 

1.8 0.72 0.74 0.76 0.78 0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 1.06 1.08 1.1 1.12 

1.9 0.76 0.78 0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 1.06 1.08 1.1 1.12 1.14 1.16 

2 0.8 0.82 0.84 0.86 0.88 0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 1.06 1.08 1.1 1.12 1.14 1.16 1.18 1.2 
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Figure 4.7. Calculated concentration of the component x by the simultaneous equation method. 

 

 

Figure 4.8. Calculated concentration of the component y by the simultaneous equation method. 
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Figure 4.9. Calculated concentration of the component x by the absorbance ratio method. 

 

 

Figure 4.10. Calculated concentration of the component y by the absorbance ratio method. 
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Figure 4.11. Calculated concentration of the component x by the proposed method. 

 

 

Figure 4.12. Calculated concentration of the component y by the proposed method. 
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Figure 4.13. Calculated concentration of component x by 5 known concentration data. 

 

 

Figure 4.14. Calculated concentration of component y by 5 known concentration data. 
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Figure 4.13 and 4.14 displays the calculated concentrations by 5 known concentration data of 

component x and y, respectively. It shows that the calculated concentration by the proposed method is more 

approximate to the ideal concentration than the calculated concentration by the previous method.  

Table 4.6 and figure 4.15 show the errors between the calculated concentration and the ideal 

concentration of component x when the number of the known concentration solution increases. Table 4.7 and 

figure 4.16 show the errors between the calculated concentration and the ideal concentration of component y 

when the number of the known concentration solution increase. When the number of the known concentration 

solution increase, the errors of average concentration are reduced. The error reduction of the previous method is 

lesser than the error reduction of the proposed method.  

 

Figure 4.15. Average error of the concentration of the component x. 

 

Figure 4.16. Average error of the concentration of the component y. 
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Table 4.6. Average error of the concentration of the component x. 

Number of the known 

concentration solutions 

Simultaneous 

method 

Absorbance ratio 

method 
Proposed method 

2 0.234 0.234 0.233 

3 0.234 0.234 0.049 

4 0.232 0.232 0.024 

5 0.232 0.232 0.019 

6 0.232 0.232 0.018 

 

Table 4.7. Average error of the concentration of the component y. 

Number of the known 

concentration solutions 
Simultaneous 

method 
Absorbance ratio 

method 
Proposed method 

2 0.415 0.415 0.415 

3 0.415 0.415 0.105 

4 0.401 0.402 0.073 

5 0.398 0.398 0.057 

6 0.393 0.393 0.036 

 

 From the average error of the concentration in component x in table 4.6, when the number of the 

concentration is 2, the average errors of 3 methods are similar. However, when the number of known 

concentration solution increases to 3, 4 and more, the average data of the proposed is reduced about 79%, 89.8%, 

91.9%, respectively while the average error of the previous method is reduced a slightly. In the case of the 

component y, it is the same as the case of the component x that when the number of the concentration is 2, the 

average errors of 3 methods are similar. When the number of known concentration solution increases to 3, 4 and 

more, the average data of the proposed is reduced about 74.7%, 81.8%, 85.6%, respectively while the average 

error of the previous method is reduced a little bit. 

4.3. Experiment 
To confirm the calculated concentration by the proposed device approximately to the ideal concentration 

than the previous method, the experiment is performed. 

4.3.1. Experimental setup 
There is the pre-process in the proposed method. The experiment provides the spectrophotometer of 

WPA CO7500 colorimeter as the experimental device. The known concentration light absorbance is required by 

the spectrophotometric method as the boundary points and to calculate the molar absorptivity in previous 

methods. Therefore, the preparation must make many solutions in any concentration level of the components as 

the known concentration solution. The solutions are prepared by food colorings. Each solution is made at one 

level as the original solution. The volume of one solution is 3.3 ml. The one concentration level of the component 

is 3.3 ml from the original solution and the remained volume is the distilled water.  

For an example: 
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In the case of the mixed solution which consists of the level 3 of the 1st solution and the level 2 of the 2nd 

solution, the mixture solution consists of 0.9 ml of the 1st solution, 0.6 ml of the 2nd solution and the 1.8 ml 

distilled water. 

Table 4.8. Known concentration light absorbance of 470 nm of wavelength. 

 G0 G1 G2 G3 G4 G5 

R0 0 0.34 0.59 0.77 0.98 1.11 

R1 0.18 0.52 0.78 1.05 1.15 1.37 

R2 0.37 0.77 0.98 1.18 1.45 1.57 

R3 0.54 0.98 1.24 1.48 1.65 1.78 

R4 0.75 1.12 1.5 1.7 1.92 2 

R5 0.86 1.29 1.68 1.89 2 2 

 

Table 4.9. Known concentration light absorbance of 490 nm of the wavelength. 

 G0 G1 G2 G3 G4 G5 

R0 0 0.13 0.24 0.32 0.43 0.49 

R1 0.24 0.37 0.48 0.59 0.63 0.75 

R2 0.51 0.65 0.71 0.78 0.93 1 

R3 0.75 0.9 1.01 1.11 1.18 1.24 

R4 1.05 1.1 1.3 1.35 1.45 1.53 

R5 1.22 1.33 1.54 1.58 1.7 1.78 

 

Table 4.10. Known concentration light absorbance of 580 nm of the wavelength. 

 B0 B1 B2 B3 B4 B5 

R0 0 0.1 0.19 0.26 0.34 0.39 

R1 0.12 0.25 0.33 0.43 0.54 0.61 

R2 0.23 0.32 0.43 0.52 0.62 0.69 

R3 0.31 0.44 0.49 0.64 0.7 0.77 

R4 0.4 0.51 0.56 0.67 0.73 0.86 

R5 0.48 0.55 0.6 0.68 0.85 0.9 

 

Table 4.11. Known concentration light absorbance of 550 nm of the wavelength. 

 B0 B1 B2 B3 B4 B5 

R0 0 0.06 0.1 0.14 0.17 0.2 

R1 0.45 0.51 0.63 0.72 0.77 0.82 

R2 0.85 0.86 0.99 1.03 1.13 1.17 

R3 1.13 1.27 1.27 1.33 1.43 1.49 

R4 1.35 1.48 1.45 1.55 1.5 1.68 

R5 1.49 1.56 1.61 1.63 1.8 1.81 
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Figure 4.17. 1st experiment of the mixture solution between red component and green component. 

 

 

Figure 4.18. 2nd experiment of the mixture solution between red component and blue component. 

After preparing the solution, they are measured by the 2 wavelengths of a light source. The light 

absorbance and the concentration of known concentration solution are utilized as the boundary points. 
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red solution and green solution shown in figure 4.17. The known concentration light absorbance of the 1st 
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36 known 

concentration 

solutions as 

boundary points 

Experimental 

solutions 

36 known 

concentration 

solutions as 

boundary points 

Experimental 

solutions 



 
 

80 

 

2nd experiment is the measurement of the mixture solution between the red solution and blue solution shown in 

figure 4.18. The known concentration light absorbance of the 2nd experiment is exhibited in table 4.10 and 4.11 

which is measured by 580nm and 550nm of the wavelengths. The mixture solutions in any concentration level 

of each component are measured by many methods in experiment. After that, the result is provided to calculate 

the concentration error between the ideal and any calculated methods. 

4.3.2. Experimental result 
The 1st experiment utilizes the light absorbance of the 470nm wavelength as the 1st light absorbance and 

the red solution as the 1st component. The result of the 1st experiment is shown in table 4.12. There are the 

concentrations of the component which are calculated by the proposed method, simultaneous equation method 

and the absorbance ratio method. The 2nd experiment provides the light absorbance of the 580nm wavelength as 

the 1st light absorbance and the red solution as the 1st component. The result of the 2nd experiment is shown in 

table 4.13. There is the concentration of the component which is calculated by the proposed method, 

simultaneous equation method and the absorbance ratio method. The calculated concentration result of the 

simultaneous equation and absorbance ratio are similar because the light absorbance of the standard solution 

provides the molar absorptivity. 

Table 4.14 and 4.15 shows the different between the ideal concentration and the calculated concentration 

by the any spectrophotometric of 1st experiment and 2nd experiment, respectively. The average different between 

the ideal concentration and the concentration calculated by the proposed method is lesser than the average 

different between the ideal concentration and the concentration calculated by the previous method. It shows that 

the proposed method can reduce the error from the proposed method. As the different result, the reduction of the 

error by the proposed method of 1st experiment and 2nd experiment can be calculated shown in table 4.16 and 

4.17, respectively. From the average error reduction result and the average error result, the percentage error 

reduction of the 1st experiment and 2nd experiment are shown in table 4.18 and 4.19, respectively. In the 1st 

experiment, the proposed method can reduce the error from the previous method about 69.437% in the case of 

the red component and 93.386% in the case of the green component. In the 2nd experiment, the proposed method 

can reduce the error from the previous method about 83.7% in the case of the red component and 55.85% in the 

case of the blue component. 

 

Table 4.12. Concentration of the component calculated by any method of the 1st experiment. 

Volume  
Ideal 

Concentration 
Light absorbance Proposed 

Simultaneous 

equation 

Absorbance 

ratio 

Red Green Red Green 470nm 490nm Red Green Red Green Red Green 

0 5 0 1.66 0.47 0.18 -0.043 1.548 -0.179 2.295 -0.179 2.295 

5 0 1.66 0 0.31 0.43 1.717 -0.071 1.698 0.047 1.698 0.047 

5 5 1.66 1.66 0.85 0.63 1.739 1.610 1.452 2.715 1.452 2.716 

5 10 1.66 3.33 1.25 0.8 1.859 3.427 1.398 4.589 1.397 4.59 

10 5 3.33 1.66 1.2 1.05 3.382 1.603 2.987 3.077 2.987 3.077 

10 10 3.33 3.33 1.61 1.22 3.344 3.346 2.906 5.017 2.906 5.018 

 

 



 
 

81 

 

Table 4.13. Concentration of the component calculated by any method of the 2nd experiment. 

Volume 
Ideal 

Concentration 

Light 

absorbance 
Proposed 

Simultaneous 

equation 

Absorbance 

ratio 

Red Blue Red Blue 580nm 550nm Red Blue Red Blue Red Blue 

0 5 0 1.66 0.47 0.18 -0.072 1.745 -0.039 2.091 -0.039 2.092 

5 0 1.66 0 0.31 0.43 1.857 0.121 2.734 -0.376 2.734 -0.376 

5 5 1.66 1.66 0.85 0.63 1.830 1.893 2.834 1.674 2.834 1.674 

5 10 1.66 3.33 1.25 0.8 1.818 3.247 2.894 3.261 2.894 3.262 

10 5 3.33 1.66 1.2 1.05 3.510 1.690 4.470 1.223 4.470 1.223 

10 10 3.33 3.33 1.61 1.22 3.506 3.414 4.511 3.218 4.510 3.219 

 

Table 4.14. Different between the ideal concentration and calculated concentration in 1st experiment. 

Ideal 

Concentration 
Proposed Simultaneous equation Absorb ratio 

Red Green Red Green Red Green Red Green 

0.00 1.66 0.043 0.112 0.179 0.635 0.179 0.635 

1.66 0.00 0.057 0.071 0.038 0.047 0.038 0.047 

1.66 1.66 0.079 0.050 0.208 1.055 0.208 1.055 

1.66 3.33 0.199 0.097 0.262 1.259 0.262 1.259 

3.33 1.66 0.052 0.057 0.343 1.417 0.343 1.417 

3.33 3.33 0.014 0.016 0.424 1.687 0.424 1.687 

Average different 0.074 0.067 0.242 1.017 0.242 1.017 

 

Table 4.15. Different between the ideal concentration and calculated concentration in 2nd experiment. 

Ideal 

Concentration 
Proposed Simultaneous equation Absorb ratio 

Red Blue Red Blue Red Blue Red Blue 

0.00 1.66 0.072 0.085 0.039 0.431 0.039 0.432 

1.66 0.00 0.197 0.121 1.074 0.376 1.074 0.376 

1.66 1.66 0.170 0.233 1.174 0.014 1.174 0.014 

1.66 3.33 0.158 0.083 1.234 0.069 1.234 0.068 

3.33 1.66 0.180 0.030 1.140 0.437 1.140 0.437 

3.33 3.33 0.176 0.084 1.181 0.112 1.180 0.111 

Average different 0.159 0.106 0.974 0.240 0.974 0.240 

 

 

 

 

 



 
 

82 

 

Table 4.16. Reduction of error of 1st experiment by the proposed method from the previous method. 

Ideal 

Concentration 
Simultaneous equation Absorb ratio 

Red Green Red Green Red Green 

0.00 1.66 0.136 0.522 0.136 0.522 

1.66 0.00 -0.019 -0.024 -0.019 -0.024 

1.66 1.66 0.129 1.005 0.129 1.005 

1.66 3.33 0.063 1.162 0.063 1.162 

3.33 1.66 0.291 1.360 0.291 1.360 

3.33 3.33 0.409 1.671 0.409 1.671 

Average reduction 0.168 0.949 0.168 0.949 

 

Table 4.17. Reduction of error of 2nd experiment by the proposed method from the previous method. 

Ideal 

Concentration 
Simultaneous equation Absorb ratio 

Red Blue Red Blue Red Blue 

0.00 1.66 -0.032 0.346 -0.033 0.347 

1.66 0.00 0.877 0.255 0.877 0.255 

1.66 1.66 1.004 -0.219 1.004 -0.219 

1.66 3.33 1.076 -0.014 1.076 -0.015 

3.33 1.66 0.960 0.407 0.960 0.407 

3.33 3.33 1.005 0.029 1.004 0.027 

Average reduction 0.815 0.134 0.815 0.134 

 

Table 4.18. Percentage average error reduction of 1st experiment. 

 
Average error of 

previous 

Average error of 

proposed 

Average error 

reduction 

Percentage average error 

reduction 

Red 0.242 0.074 0.168 69.437% 

Green 1.017 0.067 0.949 93.386% 

 

Table 4.19. Percentage average error reduction of 2nd experiment. 

 
Average error of 

previous 

Average error of 

proposed 

Average error 

reduction 

Percentage average error 

reduction 

Red 0.974 0.159 0.815 83.7% 

Blue 0.240 0.106 0.134 55.85% 
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5. Discussion and conclusion 

5.1. Discussion 
The proposed spectrophotometric method was designed to calculate the concentration of the component 

in the pure solution case and the multi-component solution case. The proposed method interpolates the 

concentration by the value at the boundary points to the ideal concentration approximately. It can be used with 

the limited wavelength of the spectrophotometer or installing the proposed spectrophotometric method into the 

hand-made device. The proposed method can calculate the concentration of the ideal case as same as the 

concentration calculated by the previous methods. Furthermore, in the error case, the concentration result of the 

proposed method is more approximate to the ideal result than the concentration result of the previous method.  

Nevertheless, the proposed method is not the perfect method. It cannot analyze the concentration in 

every case. Furthermore, the proposed method must require many known concentration data as boundary points 

to calculate the concentration of solution. The accuracy of the proposed method depends on the position and the 

number of the boundary points. In the case of the known concentration data that the light absorbance of the 

detector does not alter while the concentration alters, it cannot calculate because there are many outputs by one 

input. Therefore, the determination can have an error in this case. 

For an example, in case of very low molar absorptivity, the increase of the light absorbance is hard to 

observe. The resolution of this problem is the alteration of the wavelength which the molar absorptivity is 

changed also. Furthermore, a spectrophotometer can measure the light absorbance only from 0 until 2. The 

proposed method provides the boundary points to calculate the concentration of solution. In the case that the 

input is not in the range of the boundary points, the boundary-point calculating will be attached to cover range 

of input. The boundary points are calculated by the average of the known concentration data. However, the 

accuracy of the determination in the case that input is out of range of the known concentration data is lesser than 

the accuracy of the determination in the case that input is in range of the known concentration data. 

In the ideal case of the 2 components, the simulation results of the proposed method and the other 

methods are the same. The determination of the proposed method can change the light absorbance input and the 

direction of the component. The calculated concentration result is the same even if the light absorbance input 

and the direction of the component are changed. However, in the real experiment, there are many errors in the 

deviation of Beer-Lambert's law case. In the case of the proposed method that changes the input light absorbance 

or the direction of the component, the concentration outputs are difficult to equal in all cases. Furthermore, the 

determination providing many variables or many times of the calculation has many errors. 

The proposed method cannot only calculate the concentration of the components but also it can calculate 

the light absorbance from the other detectors [73] or other values which relate with the concentration of solution. 

Although the analysis of the more than 3-component solution was not performed in this thesis, the 

spectrophotometric method using fuzzy theory can analysis more than 3 components same as the simultaneous 

equation method. 

5.2. Conclusion 
The spectrophotometric method is the concentration calculation method by light absorbance. In the ideal 

case, the calculation results of every method are perfect. However, in the real experiment, there is the deviation 

of Beer-Lambert’s law in the light absorbance. Therefore, the calculated concentration is affected by the 
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deviation of Beer-Lambert’s law. Therefore, to reduce errors of results in the case of the deviation of the Beer-

Lambert’s law, we have suggested the novel spectrophotometric method using fuzzy theory. 

In section 2, we analyzed the spectrophotometric method. There was the relationship between the light 

absorbance and the concentration of solution and the causes of the deviation of Beer-Lambert’s law. From the 

analysis, it confirmed that the linear regression analysis is an important part in calculating the concentration of 

the component by light absorbance. In the multiple component case, the linear regression analysis was used to 

calculate the molar absorptivity between the concentration and the wavelength or calculate the linear equation 

between the concentration and the output of each method in the last process. The multi-component 

spectrophotometric method had 2 main methods. The first method provided all molar absorptivity between the 

pure solutions and the wavelengths of light source. The second method was the elimination of the value of the 

disinterest component. Some methods utilized the specific point to make the determination easier. The method 

that can use in every spectrophotometer without using the specific point was the simultaneous equation method 

and the absorb ratio method only. From the deviation of Beer-lambert’s law, it confirmed that the light 

absorbance is not proportional to the concentration of solution. Therefore, the spectrophotometric method by the 

linear regression analysis has an error depending on the deviation of Beer-lambert’s law. 

In section 3, we suggested the novel spectrophotometric method using fuzzy theory. To calculate the 

linear regression equation, the light absorbance of known concentration solution must be required. The previous 

method provides the linear regression analysis to calculate the concentration. Therefore, in the deviation of Beer-

Lambert’s law case, there are many errors. Thus, the nonlinear approximation method was provided to calculate 

concentration of the deviation of Beer-Lambert’s law case. The proposed method utilized the linear interpolation 

based on the fuzzy theory to calculate the concentration of solution by the light absorbance. The linear 

interpolation required the variables of the known concentration solutions as the boundary points. The calculation 

interpolates the data between the boundary points by the piecewise linear. Therefore, the calculated concentration 

by the proposed method is approximate to the concentration of the deviation of Beer-Lambert’s law. 

Furthermore, the proposed method can be used with the pure solution and the multi-component solution. In the 

case of the multicomponent solution, the number of the light absorbance are equal to the number of the 

component in the mixture solution same as the simultaneous equation method. Furthermore, the calculation of 

the concentration in the case of the 2-component solution is the bilinear interpolation. It is like the simultaneous 

equation method that can be used in every spectrophotometer without the specific condition and derivative 

function. Therefore, the proposed method can be utilized with every spectrophotometer without the specific 

condition and derivative function. 

In section 4, we compared the results of the proposed method with the results of the previous method in 

the ideal case and the deviation of Beer-Lambert’s law case. The calculated concentration in the ideal case is the 

same in every method. Therefore, the comparison is the deviation of Beer-Lambert’s law case in the case of the 

pure solution and the 2-component solution by simulation.  

In the case of the pure solution, the calculated concentration by the proposed method was compared 

with the calculated concentration by the linear regression analysis. The calculation by the linear regression 

analysis made the same result with the calculation by the proposed method in the case of the 2 known 

concentration solutions. The function by the linear regression analysis was the linear equation. When the number 

of the known concentration solutions increased, all concentrations were reduced. When some concentrations 

were approximate to the ideal concentration, some concentrations were fairly different from the ideal 
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concentration. However, the calculated concentration by the proposed method was more approximate to the ideal 

concentration than the calculated concentration by the linear regression analysis. Furthermore, when the number 

of the boundary points were increased without the movement of boundary points (2, 3, and 5 known 

concentration solutions), the calculated concentration was more approximate to the ideal concentration and more 

without receding from the ideal concentration everywhere. 

In the case of the 2 components, the previous methods were the simultaneous equation method and the 

absorb ratio method that can be used in every spectrophotometer without a specific condition. The standard 

solution of the absorbance ratio method utilized the molar absorptivity. Therefore, the calculated concentration 

of both methods was similar. In the case of the 2 known concentration solutions, the calculated concentration 

between the previous method and the proposed method were similar. When the number of the known 

concentration solution increased, the average calculated concentration of both components by the previous 

method did not change too much. The average error of concentration showed that the calculated concentration 

was slightly approximate to the ideal concentration of solution. In the other hand, the average calculated 

concentration of both components by the proposed method is significantly approximate with the ideal 

concentration without receding from the ideal concentration everywhere, when the number of the boundary 

points increased without dislocation of the boundary points (2, 3, and 5 known concentration solutions). 

The average error comparison showed that when the number of the known concentration solution were 

more than 3, the errors of the average calculated concentrations by the proposed method were reduced higher 

than the errors of the average calculated concentrations by the previous methods significantly. In the other hand, 

the errors of the average calculated concentrations by the previous methods were reduced gently. It shows that 

the proposed spectrophotometric method can calculate the concentration of component to be more approximate 

to the ideal concentration than the previous spectrophotometric methods. It meant that the proposed method 

could reduce the error from the previous method. However, the error reduction depended on the deviation of 

Beer-Lambert’s law and the position of the boundary points. Therefore, the reduction of the error cannot be 

shown clearly. In the experiment, the calculated concentration by proposed method is more approximate to the 

ideal concentration than the calculated concentration by previous method same as the simulation. It can be 

observed at the average error of concentration. 

Throughout this research, the spectrophotometric method has been analyzed in the pure solution and the 

multi-component solution. The result of the section 4 can help chemists make a better selection of a 

spectrophotometric method. Furthermore, in education, it can help the faculties which have limited funds. The 

faculties are not essential to purchase the expensive high-efficient spectrophotometer for every student. To 

calculate the concentration by the proposed method, the low-cost spectrophotometer or the hand-made 

spectrophotometer is sufficient. 

5.3. Future study 
In this thesis, the proposed method is the external calculation of the concentration of the components 

for spectrophotometers. Therefore, we need to install the spectrophotometric method in to the microcontroller. 

The installed device can calculate the concentration of solution directly without the manual spectrophotometric 

method. Furthermore, the output of the installed device is more approximate to the ideal concentration than the 

previous manual spectrophotometric method. 
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In some error cases, it makes the position of the additional boundary points are not in order. Therefore, 

the determination is this point has error. To reduce this error point, we need to design the fuzzy set and the 

defuzzification which affects to the other calculated concentration result.
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Appendix 

WPA CO 7500 Colorimeter 

 

Figure appendix. 1. Spectrophotometer WPA CO7500 colorimeter 

(Picture from the WPA CO 7500 Colorimeter manual) 

 

Table appendix.1. Specification of Spectrophotometer WPA CO7500 colorimeter 

Wavelength range 440 – 680nm 

Standard gelatin filters 440, 470, 490, 520, 550, 580, 590 and 680nm 

Bandwidth 40nm 

Range Absorbance –0.3A to 1.99A 

% Transmission – 0 – 199% T 

Accuracy <±0.05A at 1A using Neutral Density Filters 

Repeatability ±0.02A at 1A using cuvettes 

Operational modes Absorbance, Transmission, Kinetics 

Cuvette holder Fixed with drain hole. Accepts 10mm path length 

semi micro and macro cuvettes or 16mm round tubes. 

Can accept 10-12mm tubes with optional adapters 

Output 0 – 2V for 0 – 2Abs or 0 – 1.99V for 0 –199%T (via 2 x 4mm 

sockets, ~ 100mV offset in the output voltage) RS232 

Power requirements External power adaptor (110 to 220V, 50/60Hz, 20VA) or internal 

rechargeable NiMH battery (mains/battery version only) 

Approximate dimensions 180 x 150 x 60mm 

Weight 0.6kg 
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Fuzzy function of Visual Basic of the Microsoft excel 
 This program is the 1 dimension of the fuzzy theory which the membership function is triangle 

membership function. The calculation of the fuzzy preparation process and the fuzzy analysis process are the 

same. 

‘Function name and the variable x=input, y=boundary point of the input, z=boundary point of the output 

Function fuzzy7(x, y, z) As Double 

‘Variable setting 

Dim b As Integer  

Dim a As Integer 

Dim sum As Double 

Dim sum2 As Double 

Dim Avg As Double 

Dim Avg2 As Double 

Dim count As Integer 

Dim count2 As Integer 

 

a = 0 

count = 0 

count2 = 0 

 

‘the count of the number of the boundary point of the output 

Do Until Cells(y.Row, y.Column + a) = ""  

a = a + 1 

Loop 

 

‘The calculation of the boundary point in the case that the input is not in the range of the boundary point 

Avg = (Cells(y.Row, y.Column + a - 1).Value - Cells(y.Row, y.Column)) / (a - 1) 

Avg2 = (Cells(z.Row, z.Column + a - 1).Value - Cells(z.Row, z.Column)) / (a - 1) 

 

‘Check the boundary point which the last boundary point of input is higher than the first boundary point of 

input (𝐴(0,0,1𝑠𝑡) > 𝐴(0,5,1𝑠𝑡)) 

If Cells(y.Row, y.Column + a - 1).Value - Cells(y.Row, y.Column).Value < 0.0001 Then 

 

‘When the input is lesser than the first boundary point of (Example.𝐴1𝑠𝑡 < 𝐴(0,0,1𝑠𝑡)), the output data is the 

first boundary point of the output 

If x.Value < Cells(y.Row, y.Column).Value Then 

fuzzy7 = Cells(z.Row, z.Column).Value 

End If 

 

‘When the input detector is higher than the last boundary point of the input (Example.𝐴1𝑠𝑡 > 𝐴(0,5,1𝑠𝑡)), the 

output is the last boundary point of the output 

If x.Value > Cells(y.Row, y.Column + a - 1).Value Then 
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fuzzy7 = Cells(z.Row, z.Column + a - 1).Value 

End If 

 

‘The case excepting the last boundary point is higher than the first boundary point (Example.𝐴(0,0,1𝑠𝑡) <

𝐴(0,5,1𝑠𝑡)) 

Else 

 

‘In the case that the input is lesser than the first boundary point of input 

(Example. 𝐴1𝑠𝑡 < 𝐴(0,0,1𝑠𝑡)) 

If x.Value < Cells(y.Row, y.Column).Value Then 

 

‘Check the difference between the input and the first boundary point of the input 

Do Until x.Value > Cells(y.Row, y.Column).Value - (Avg * count2) 

count2 = count2 + 1 

Loop 

 

‘The calculation of the degree of each function (𝑊𝑖) 

i = (Cells(y.Row, y.Column).Value - ((count2 - 1) * Avg) - x.Value) / Avg 

j = (x.Value - (Cells(y.Row, y.Column).Value - ((count2) * Avg))) / Avg 

 

‘The calculation of the defuzzification (𝑆 =
∑ 𝑆𝑖𝑊𝑖
𝑘
𝑖=0

∑ 𝑊𝑖
𝑘
𝑖=0

) (interpolation) 

sum = i * (Cells(z.Row, z.Column).Value - ((count2) * Avg2)) + j * (Cells(z.Row, z.Column).Value - 

((count2 - 1) * Avg2)) 

sum2 = i + j 

fuzzy7 = sum / sum2 

 

‘End of the case that the input is less than the first boundary point of the input 

End If 

 

‘In the case that the input is in the range of the boundary points  

(Example. 𝐴(0,0,1𝑠𝑡) < 𝐴1𝑠𝑡 < 𝐴(0,5,1𝑠𝑡)) 

If x.Value >= Cells(y.Row, y.Column).Value And x.Value < Cells(y.Row, y.Column + a - 1).Value Then 

 

‘Check the position of the input in the range of the boundary point 

For b = 0 To a – 2 

If x.Value >= Cells(y.Row, y.Column + b).Value And x.Value <= Cells(y.Row, y.Column + b + 

1).Value Then 

 

‘The calculation of the degree of each function (𝑊𝑖) 

i = (Cells(y.Row, y.Column + b + 1).Value - x.Value) / (Cells(y.Row, y.Column + b + 1).Value - 

Cells(y.Row, y.Column + b).Value) 
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j = (x.Value - Cells(y.Row, y.Column + b).Value) / (Cells(y.Row, y.Column + b + 1).Value - 

Cells(y.Row, y.Column + b).Value) 

 

‘The calculation of the defuzzification (𝑆 =
∑ 𝑆𝑖𝑊𝑖
𝑘
𝑖=0

∑ 𝑊𝑖
𝑘
𝑖=0

) (interpolation) 

sum = i * Cells(z.Row, z.Column + b) + j * Cells(z.Row, z.Column + b + 1) 

sum2 = i + j 

fuzzy7 = sum / sum2 

 

‘End of the Check the position of the input in the range of the boundary point 

End If 

Next b 

 

‘End of the case that the input is in the range of the boundary points 

End If 

 

‘In the case that the input is higher than the last boundary point of the input 

(Example.𝐴1𝑠𝑡 > 𝐴(0,5,1𝑠𝑡)) 

If x.Value >= Cells(y.Row, y.Column + a - 1).Value Then 

 

‘Check the difference between the input and the last boundary point of the input 

Do Until x.Value <= Cells(y.Row, y.Column + a - 1).Value + (Avg * count2) + 0.0001 

count2 = count2 + 1 

Loop 

 

‘The calculation of the degree of each function (𝑊𝑖) 

i = (Cells(y.Row, y.Column + a - 1).Value + ((count2) * Avg) - x.Value) / Avg 

j = (x.Value - (Cells(y.Row, y.Column + a - 1).Value + ((count2 - 1) * Avg))) / Avg 

 

‘The calculation of the defuzzification (𝑆 =
∑ 𝑆𝑖𝑊𝑖
𝑘
𝑖=0

∑ 𝑊𝑖
𝑘
𝑖=0

) (interpolation) 

sum = i * (Cells(z.Row, z.Column + a - 1).Value + ((count2 - 1) * Avg2)) + j * (Cells(z.Row, 

z.Column + a - 1).Value + ((count2) * Avg2)) 

sum2 = i + j 

fuzzy7 = sum / sum2 

 

‘End of the case that the input is higher than the last boundary point of the input 

End If 

 

‘End of the check of the boundary point 

End If 

‘End of function 

End Functionw 


